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Abstract: Laser beams converging at significant focusing angles have diverse applications, including
quartz-enhanced photoacoustic spectroscopy, high spatial resolution imaging, and profilometry. Due
to the limited applicability of the paraxial approximation, which is valid solely for smooth focusing
scenarios, numerical modeling becomes necessary to achieve optimal parameter optimization for
imaging diagnostic systems that utilize converged laser beams. We introduce a novel methodology
for the modeling of laser beams sharply focused on the turbid tissue-like scattering medium by
employing the unidirectional Helmholtz equation approximation. The suggested modeling approach
takes into account the intricate structure of biological tissues, showcasing its ability to effectively
simulate a wide variety of random multi-layered media resembling tissue. By applying this method-
ology to the Gaussian-shaped laser beam with a parabolic wavefront, the prediction reveals the
presence of two hotspots near the focus area. The close-to-maximal intensity hotspot area has a
longitudinal size of about 3–5 µm and a transversal size of about 1–2 µm. These values are suitable
for estimating spatial resolution in tissue imaging when employing sharply focused laser beams.
The simulation also predicts a close-to-maximal intensity hotspot area with approximately 1 µm
transversal and longitudinal sizes located just behind the focus distance for Bessel-shaped laser beams
with a parabolic wavefront. The results of the simulation suggest that optical imaging methods
utilizing laser beams with a wavefront produced by an axicon lens would exhibit a limited spatial
resolution. The wavelength employed in the modeling studies to evaluate the sizes of the focus spot is
selected within a range typical for optical coherence tomography, offering insights into the limitation
of spatial resolution. The key advantage of the unidirectional Helmholtz equation approximation
approach over the paraxial approximation lies in its capability to simulate the propagation of a laser
beam with a non-parabolic wavefront.

Keywords: sharply focused laser beams; unidirectional Helmholtz equation; turbid tissue-like multi-
layered scattering medium

1. Introduction

High numerical aperture (NA) optical objective lenses are widely used in high-spatial-
resolution optical imaging [1,2] and 3D microfabrication [3]. Spatial resolution is crucial for
the optical imaging of tissue microstructure and depends on the lens’s NA and the depth of
field (DoF). DoF is defined as the disparity between the maximum and minimum distances
of the ‘in-focus’ 2D area within the scene and the lens and is linked to NA as follows:

DoF = ±λ
√

n2 − NA2

2NA2 , (1)

where n is the medium refractive index, and λ is the wavelength of light.
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The application of sharply focused laser beams is widespread in quartz-enhanced
photoacoustic spectroscopy (QEPAS), directed precisely between the two prongs of a quartz
tuning fork [4]. The distance between prongs for a standard quartz tuning fork is 300 µm,
which complicates focusing, especially for the terahertz spectral range.

Typically, laser beams exhibit a Gaussian amplitude profile, while the phase front
varies during their propagation. The sharply focused laser beam possesses the potential to
improve spatial resolution, wherein the shape and parameters of the wavefront play critical
roles and can be effectively corrected using lenses with the appropriate geometry. The
conventional lenses typically exhibit spherical or cylindrical curvature forms, whereas the
axicon lenses feature a conical-shaped focusing surface. When employing an axicon lens, a
Gaussian profile beam is transformed into a converging beam with a transverse profile that
comprises a sharp central core surrounded by several rings with varying brightness [5,6].
The most intense part of the central core keeps the shape and size during propagation,
forming a non-diffractive zone. Such beams are referred to as the Bessel beams [7]. The
electrical field for the axially symmetric Bessel beam is defined as follows:

En(r, ϕ, z) = Aei(ikzz) Jn(krr)e±imϕ, (2)

where A is the complex amplitude parameter, r, ϕ, z are the cylindrical coordinates, kz, kr,
are longitudinal and transversal coordinates of the wave vector, and the function Jn (x) is
the first kind and n−th-order Bessel function. The factor e±imϕ provides the beam orbital
angular momentum projection on the z-axis proportional to n that gives a singularity
of beam phase and ‘disappearing’ of beam amplitude [8]. While the ideal case is only
approximately realized in practical situations, it, nonetheless, confirms the distinctive
properties of Bessel beams. A comparison of focusing of the Gaussian and Bessel beams is
schematically presented in Figure 1.
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Figure 1. Focusing on the Gaussian (a) and Bessel (b) beams. Here, r is the beam radius, DOF is the
depth of focus, and m is the optical intensity ring thickness [8].

The axicon lens facilitates achieving a balance between diffraction and focusing [9–11],
whereas sharply focusing beams with the long focus spot can be used not only for the visual-
ization of optically transparent samples but also for the creation of effective fiber-optics de-
vices [12], as well as in multifocal optical coherence tomography (OCT) [13], submicrometer
surface structuring [14], photo-polymerization [15], and other material processing [8,16,17],
particle trapping [18], and laser tweezer implementation [19]. Additionally, the focusing
of laser beams can be accomplished by utilizing solid immersion lenses [20]. The axicons
with a small opening angle [10] and negative axicons [21] play a significant role in scanning
near-field optical microscopes. Wide-field light-sheet microscopy with axicon-lens con-
trolled two-photon Bessel beam illumination was suggested [22]. Ultra-broadband axicon
transducer was used in optoacoustic endoscopy [23]. The microaxicon lenses allow laser
beam super-sharp focusing into a hotspot with transverse and longitudinal diameters less
than the beam wavelength [24,25].

A fractal fracxicon generates a transverse phase of the laser beam, being a fractional
power function of spatial coordinates [26]. When this power parameter exceeds two, the
fractal fracxicon provides faster and sharper focusing compared to a conventional lens.
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Notably, scattering has been found to enhance the sharpness of the focused laser beam. It
has been demonstrated that scattering behind a lens can reduce the focus spot size by ten
times compared to the diffraction limit of the same lens [27].

Skin is a heterogeneous optically turbid medium producing absorption, scattering,
reflection, and other phenomena in relation to propagating light waves. The main ab-
sorbing tissue chromatophores in the visible range are water, melanin in the epidermis,
and hemoglobin in the dermis [1]. A lipid-containing membrane formed by keratinocytes
(lamellar bodies in the epidermis) also affects absorbance at 650 nm [28]. The scattering in
the epidermis is mainly due to keratins and melanosomes, which occupy 18–30% and 1–5%
of the tissue volume, respectively [1]. Melanosomes are approximately ten times larger than
keratins and have a higher refractive index, contributing significantly to scattering [29].
The shape of scattering inclusions within the skin is also a crucial factor to consider. For
example, dead keratins cells (located in the Stratum corneum) are flat, and melanosomes
can be round or fragmented depending on their position within the skin [30]. Despite the
variations in the shapes of cells found in biological tissues, they are often represented and
modeled as spheres with specific diameters in a range of 0.1–20 µm [31–33]. It has been
demonstrated that the ratio of Rayleigh scattering to Mie scattering at the wavelength of
633–650 nm is, respectively, 10% to 90% [33]. Due to the irregular positions of cells, tissues
are frequently regarded as quasi-random media. The beam profile is an important factor in
its transformation process in biological tissues. In highly scattered Stratum corneum layer
and epidermal layers, the beam intensity exhibits fluctuations of over 50% in transmission
and 30% in reflection modes. In weakly scattering the reticular dermal and adipose layers
this effect is not larger than 15% [34].

Considering the equivalence of temporal and spatial photodetector averaging in light
interference fields, the influence of laser beam geometry on tissue interferometry imaging
properties was examined [35]. The experimental findings revealed that interferometers
employing a tightly focused probing beam can be deemed a suitable alternative to low-
coherence interferometry and can be effectively utilized in OCT. The investigation of speckle
pattern statistical and correlation properties, performed by scanning different skin tissues
using a sharply focused probing laser beam with a Gaussian shape, demonstrated the
suitability of this approach in tissue studies for both medical diagnostics and cosmetology
applications [36].

Typically, analogous phenomena in biological tissues are simulated using a statistical
Monte Carlo (MC) method-based approach [37–39]. This approach in a variant of the FDTD
algorithm utilized in [24] simulates the sharp focusing of a radially polarized laser beam
with axially symmetric micro-optic elements, but it is not suitable for non-symmetrical
cases in random inhomogeneous media.

The geometrical optics-based approach, which involves analytical corrections of the
phase and amplitude of the incident field, results in propagation with vector and non-
paraxial properties [40]. However, its applicability is restricted to the calculation of light
wave transformations by optical elements and transparent homogeneous medium. This
method is based on the simulation of the propagation of photon packets representing a
randomly selected partial component of the wavefront of the incident laser beam. Thus, the
conclusions regarding the propagation of the entire laser beam are drawn by accumulating
the outcomes of such numerical experiments and conducting statistical analysis. The fun-
damental concept of the approach is to leverage randomness to tackle problems that could
be deterministic in principle, utilized commonly in various physical and mathematical
problems due to its high utility. The use of the MC approach for modeling light wave prop-
agation within biological tissues enables the imitation of the complexity of the randomly
structured composition of biological tissues while also considering the partial coherence
of the probing laser beam [41–48]. Various limitations of this approach become apparent
when the super-sharp focusing occurs, notably with the numerical aperture close to or less
than one [40,48,49].
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The development of high-resolution optical imaging tools based on sharply focused
laser beams and study phenomena in a focus area needs the creation of adequate mathe-
matical models for the simulation of sharply focused laser beam propagation in biological
tissue. These models should provide a simulation of tissue optical properties and an
adequate description of the laser beam propagation process.

Maxwell’s equations, being the general foundation of light wave propagation tasks,
are rarely used in concrete situations because of difficulties of analytical or numerical
analysis. A numerical analysis of wave equations, derived from Maxwell’s equations, has
high computational costs (see, for example, [50–53]). When the focal length is much larger
than the wavelength, the Debye and the Richards–Wolf approximations can be used for the
simulation of a laser beam focusing [54,55]. In the Debye approach, the focal field is evalu-
ated via the interference of plane waves propagating at various angles. The Richards–Wolf
model also uses the Debye diffraction integral of the optical field distribution near the
focus. The numerical analysis of this diffraction integral is complicated and time consum-
ing. A radiative transfer equation considering photon diffusion kinetics in the medium
is an alternative method of optical beam propagation modeling [1]. Typically, diffusion
approximation is used for its solution, it is valid when the medium absorption is much
smaller than scattering, and medium optical properties vary smoothly [56]. Consequently,
this approximation accuracy decreases dramatically near the medium boundaries and in a
highly inhomogeneous medium. This method also does not allow interference or diffrac-
tion simulation. Various approximations are used to reduce the order of the wave equation
or transform its type. A vector diffraction theory allows for solving a tightly focused optical
beam propagation problem [57]. A so-called ‘rainbow beam’ approach, based on the spatial
separation of the spectral components of laser light into a collection of off-axis beams, was
proposed [58,59]. It allows parallel processing and recombining of these components at
the focal point of an achromatic objective lens. The Helmholtz equation derived from the
wave equation has Kirchhoff’s integral solution, describing spherical waves [54,60–62].
This integral calculation needs essential computational resources; it can be partially solved
using a spectral-domain presentation [58]. The Helmholtz equation can be simplified using
a paraxial approximation, leading to the Leontovitch–Fock equation [63]. The latter is
valid for small focusing angles relative to the optical axis (less than 14◦) [64,65]. Another
way is to use unidirectional Helmholtz equation (UHE) approximation valid for large
focusing angles [66]. In this approach, the simplification of laser beam propagation analysis
is achieved by neglecting the backward light wave. We used this approach to simulate
OCT imaging of the fat cell tissue layer [67]. The OCT model used a large focus distance,
the developed tissue model considers the fat cell as a three-layer quasi-regular spheroid.
The UHE is widely used for the simulation of laser beams in a quasi-collinear regime, for
example, electromagnetic wave propagation in the atmosphere [68].

It should be pointed out that in a simple case of a homogeneous medium and axially
symmetric optical beams, the Helmholtz equation is a product of two Kummer functions.
It opens a way to achieve an exact analytical presentation of forward and backward propa-
gated laser beams for the non-paraxial geometry [69] and to validate the numerical scheme
using the analytical solution in the limit case of a homogeneous medium. The latter condi-
tion allows for developing sophisticated analytical approaches in the Helmholtz equation
solution [70]. Indeed, analytical methods are scarcely applicable to inhomogeneous media,
necessitating the use of numerical methods instead.

Previous studies did not take into account non-paraxial effects, which are crucial
for sharply focused laser beams. The objective of current report is to compare the UHE
and paraxial approximations in the simulation of a laser beam sharp focused on the skin,
represented as a multilayered quasi-random inhomogeneous scattering medium.
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2. The Propagation Problem Mathematical Model
2.1. Skin Model

Skin optical properties are described by the absorption coefficient µa, the scattering
coefficient µs, the total attenuation coefficient µa + µs = µt, the refractive index n, and
the phase scattering function p(g), where g defines scattering angle. Here, absorption
coefficient determines the energy losses of optical radiation, and almost all of these losses
are converted into tissue heating. The scattering coefficient defines changing the optical
wave propagation direction that also causes this wave energy losses. The function p(g) is
in fact the scattering indicatrix, which describes angular distribution of the scattered wave.
The refractive index gradient defines medium reflection and refraction. The scattering
phase function p(g) can be approximated using the Henyey–Greenstein function with dif-
ferent mean cosines of scattering angles corresponding to a different layer according to the
forward Mie scattering [71]. Usually, the skin’s surface is considered to be perfectly smooth.
The simplest skin model is a homogeneous plane single layer that is very inaccurate.
Due to differences in scattering and absorption in the epidermis and dermis, a two-layer
model is more acceptable [1]. A plane-stratified multilayered model is an extension of
the latter [72,73]. The thickness of skin layers depends on gender, pigmentation, blood
content, and body site and varies in range of 100–150 µm for epidermis and 0.35–1.65 mm
for dermis [74–77]. The epidermis and reticular dermis have the following optical pa-
rameters for the wavelengths 633 nm and 337 nm, respectively: µa = 3.2 (34.3) cm−1,
µs = 107 (165) cm−1, and g = 0.79 (0.72); µa = 2.7 (23) cm−1, µs = 187 (227) cm−1, and
g = 0.82 (0.72) [71].

In this present study, a skin model in the form of a plane multi-layered quasi-random
medium is employed. The refractive index of each layer n is represented as the sum of
regular and random components as follows:

n = 〈n〉+ δ
∼
n (3)

The probability of appearing a definite value of random component δ
∼
n has a Gaussian

distribution with a correlation function, which is represented as follows:〈
δ
∼
n(r)δ

∼
n(r + δr)

〉
=
∫

R3

C0

1 + (lck)2D f
exp(−ikr)dk, (4)

where lc is the correlation radius, Dp is the roughness parameter describing the sharpness
of the refractive index fluctuations, C0 is characteristic of the refractive index fluctuation
dispersion, and k is the wave vector. A set of these parameters determines the type of
biological tissue [51]. Medium microscopic parameters lc, D f , and C0 are defined as follows:

D f = 2.3 + 0.8(1− exp(−(g− 0.7)))0.81, (5a)

lc =
(

0.23
µa + µsc

)
(1− exp(−(g− 0.81)))0.31, (5b)

C0 = (lcµsc)
0.46, (5c)

where µsc, µa, and g, defined according to Henyey–Greenstein formula [78], are the macro-
scopic modeling parameters mentioned above, as shown in Table 1 for the wavelength of
1 µm.

We see that the highly scattered skin layers (Stratum corneum and epidermis) have
total thickness of about 100 µm.
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Table 1. The used skin model parameters [79].

Skin Layer µsc, mm−1 µa, mm−1 g 〈n〉 Thickness, µm

Stratum
corneum 100 0.1 0.8 1.5 20

Epidermis 45 0.15 0.8 1.34 80
Upper derma 30 0.068 0.9 1.39 250

Reticular
dermis 25 0.095 0.95 1.4 450

2.2. An Optical Beam Propagation Model

The light wave of the laser beam is denoted as follows:

E(r, t) = ψ(r)exp(−iω0t), (6)

where ω0 is the carrier frequency, and ψ is the complex amplitude of the electric field
strength, which fulfills the Helmholtz equation as follows:(

∆ + k2
0ε
)

ψ = 0, (7)

where k0 = ω0/c is the wavenumber in vacuum, c is the speed of light, and ε is the
medium’s complex permittivity. It is convenient to split the latter into constant and spatially
varied parts as follows:

ε(r) = ε0 + δε(r). (8)

Let a z-axis be oriented along the direction of the beam propagation. Then, Equation (6)
can be presented in the following form:

∂2
zψ(z, r⊥) = −

(
∆⊥ + k2

0ε0

)
ψ(z, r⊥)− k2

0δεψ(z, r⊥), (9)

where r⊥ is the radius-vector in a plane transverse to the z-axis, the transverse Laplacian
∆⊥ is: ∆⊥ = ∂2

x + ∂2
y. Further, we consider the forward-propagating laser beam. This

UHE approximation imposes restrictions on the ψ(z, r⊥) function described below. The
numerical solution of this equation can be implemented using wavelet transform

The numerical solution of Equation (8) is conducted using an approach based on split-
ting into physical factors, which considers a physical effect as a virtual spatial layer (screen)
with specific characteristics [67,80]. According to this approach, we use two virtual screens.
The first one simulates diffraction, absorption, and phase incursion phenomena associated
with ε0. The second one simulates absorption and phase incursion associated with δε. The
block diagram of the corresponding parallel numerical algorithm implementation is shown
in Figure 2. In our approach, the transformation of a small part of the wavefront of the
laser beam via the medium layer is calculated on an individual CPU. Then, transformed
functions ψ

(
z, r⊥,i,j

)
are merged into the ψ(z + ∆z, r⊥) function. Here, i, j are the CPU

enumerators. The calculations are conducted for a realization of skin model as a random
multi-layer medium. The parameters of the skin model implementation are calculated
using data from Table 1 and Equations (3)–(5).

The following equation describes the step of passing a homogeneous screen as follows:

∂2
zψ = −

(
∆⊥ + k2

0ε0

)
ψ. (10)

A Fourier transform of ψ(z, r⊥) function is expressed as follows:

∼
ψ(z, k⊥) =

x

∞

ψ(z, r⊥)exp(ik⊥r⊥)dr/2π, (11)
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where k⊥ is the wave vector associated with r⊥. Then, (9) takes the following form:

∂2
z
∼
ψ(z, k⊥) = −

(
ε0k2

0 − k2
⊥

)∼
ψ(z, k⊥). (12)
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The solution of (9) for a forward-propagating optical wave is expressed as follows:

ψ(z + δz, r⊥) =
∫

k⊥εRe
√

ε0k2
0−k2

⊥>0
dk⊥e−ik⊥r⊥

∼
ψ(z, k⊥)e

iδz
√

ε0k2
0−k2

⊥ (13)

The additional condition Re
√

ε0k2
0 − k2

⊥ > 0 provides the forward-propagating wave
selection.

The following equation describes the step of passing the inhomogeneous screen:

∂2
zψ = −k2

0δεψ. (14)

Its solution is expressed as follows:

ψ(z + δz, r⊥) = ψ(z, r⊥)exp
(
−iδzk0

√
δε
)

, (15)

where δz is a numerical greed step along the optical wave propagation direction.

2.3. Shape of Laser Beam

The following laser beam initial shapes are used in the modeling studies.

(i). Laser beam with the Gaussian shape of intensity profile and parabolic wave front:

ψ(0, x, y) = exp
(
−
(

x2 + y2
)

/r2
0

)
exp

(
−i(πλ/2F0)

(
x2 + y2

)
/λ2

)
. (16a)

(ii). Laser beam with the Gaussian shape of intensity profile and the wave front produced
by axicon lens:

ψ(0, x, y) = exp
(
−
(

x2 + y2
)

/r2
0

)
exp

(
−iπ

√
x2 + y2/2F0

)
. (16b)

(iii). Laser beam with the Bessel shape of intensity profile and the parabolic wave front:

ψ(0, x, y) = J0

(
6·
√

x2 + y2/r2
0

)
exp

(
−i(πλ/2F0)

(
x2 + y2

)
/λ2

)
. (16c)
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(iv). Laser beam with the Bessel shape of intensity profile the wave front produced by
axicon lens:

ψ(0, x, y) = J0

(
6·
√

x2 + y2/r2
0

)
exp

(
−iπ

√
x2 + y2/2F0

)
. (16d)

The laser beam parameters used in the simulation include the following: the wave-
length was 1 µm, the beam radius r0 = 40 µm, and selected focus distances F0 were 50 and
400 µm. The initial shape of the beams’ intensity profiles for the model beams, defined by
(16a)–(16d), and wave fronts are shown in Figure 3.
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Modeling results of these laser beams’ propagation are presented in a term of

Lw(z, x, y) = log10(1 + w(z, x, y)), (17)

describing normalized intensity profile of the laser beam; w(z, x, y) = |ψ(z, x, y)|2/|ψ(0, 0, 0)|2.

3. Results
3.1. Ultra-Sharp Focusing of Laser Beams in Homogeneous Layer

The solution of (13) in a regular homogeneous layer (with refraction index n = 1) can
be presented in the following form:

ψ(z, r⊥) = k0

∫
k⊥εΩ

dk⊥e−ik⊥r⊥
∼
ψ(0, k⊥)e−izk0

√
1−(k⊥/k0)

2
. (18)

As an example of admitting an analytical solution, we consider the simplest case of an
axially symmetric Gaussian-shape beam with an initial form:

∼
ψ(0, k⊥) ∝ exp

(
−bk2

⊥

)
, (19)

where b is the complex parameter determining the beam transverse size and focusing
distance. Also, let us take into account the restriction of the spatial area corresponding

to the forward propagated light wave: Ω =

{√
ε0k2

0 − k2
⊥ > 0

}
. An expression for the
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ψ(z, r⊥) function normalized on its maximum initial value can be written in the following
form:

w(z, r⊥) =
∣∣∣∣∫k⊥εΩ

dk⊥e−ik⊥r⊥ e−bk2
⊥ e−izk0

√
1−(k⊥/k0)

2
∣∣∣∣2/
∣∣∣∣∫k⊥εΩ

dk⊥e−bk2
⊥

∣∣∣∣2. (20)

The results of a simulation of the axially symmetric Gaussian-shape beam sharp fo-
cusing using the paraxial approximation and Equation (16) are presented in Figure 4. The
paraxial approximation does not describe thin details of the beam distortion behind the
focus area caught via UHE approximation. The main drawback of the paraxial approxima-
tion approach is the ‘super-optimistic’ prediction of a hot spot in the focus area. The UHE
approximation predicts the hotspot transversal size of about 4–5 µm at a half-maximum
intensity-level map. The hot spot predicted by the paraxial approximation is larger. As
shown in Figure 4a, the optical energy flux exhibits a non-symmetrical, bullet-like shape
in the longitudinal direction, which represents a significant distinction from the paraxial
approximation.
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Figure 4. The results of simulation of modeling beam (16a) focused on a regular homogeneous
one-layer medium F0 = 50 µm and the medium refractive index n = 1: (a) according to Equation (18);
(b) utilizing paraxial approximation. The transverse intensity distribution (17), respectively, for
(c) z = 0 and (d) z = 100 µm.

3.2. A simulation of Laser Beams Sharply Focused on the Skin

For the modeling of laser beams sharply focused on the skin, the model used in this
study is constructed based on a plane-layered quasi-random medium, and its specific
parameters are calculated using Formulas (3)–(5) and parameters presented in Table 1. The
random part of the refraction index was defined using C(k) function:

C(k) = F
{〈

δ
∼
n(r)δ

∼
n(r + δr)

〉}
, (21)
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where F{. . .} is the Fourier transform. C(k) was calculated using the phenomenological
model [81]:

C(k) = C0
1(

1 + l2
c |k|

2
)D f /2 . (22)

An example of the spatial distribution of refractive index within the skin according to
the quasi-random model is presented in Figure 5.
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Figure 5. Spatial distribution of refractive index within the skin. Other modeling optical parameters
are presented in Table 1. Here, S denotes Stratum corneum, E is epidermis, U is upper derma, and R is
reticular dermis.

The results of modeling of the laser beam (16a) focused on the turbid tissue-like
scattering medium are presented in Figure 6.
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Figure 6. The results of simulation of modeling beam (16a) focused on the tissue-like medium with
F0 = 50 µm: (a) according to Equations (13) and (15); (b) utilizing the paraxial approximation. The
transverse intensity distribution (17) for (c) z = 0 and (d) z = 100 µm, respectively.

Clearly, the results show that the paraxial approximation is unable to adequately
describe the wide cone of light beyond the focus area. Additionally, this approach predicts
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two hotspots near the focus area, which is not observed in the UHE approximation. The
latter demonstrates that the close-to-maximal intensity hotspot area has a longitudinal size
of about 3–5 µm and a transversal size of about 1–2 µm. These values can be used for spatial
resolution estimations for tissue imaging using sharp-focused laser beams. According to
Figure 6a, the optical energy flux near the focus area maintains a non-symmetrical, bullet-
like shape in the longitudinal direction (see comments to Figure 4). Interestingly, the
hot-spot size predicted by the paraxial approximation is smaller in comparison to the
results obtained with the UHE approximation. This observation contradicts the findings for
a homogeneous medium. Consequently, the UHE approximation demonstrates a greater
accuracy in capturing the influence of small-scale medium inhomogeneities in comparison
to the paraxial approximation.

The outcomes of simulating the propagation of the modeling laser beam, characterized
by its initial shape described according to (16b), with focusing distance F0 = 50 µm, are
presented in Figure 7. The interference of secondary beams causes a star-like transversal
spatial structure with a very large longitudinal size, appearing in both simulation methods.
It means a poor spatial resolution of any optical imaging method using the laser beam with
the Gaussian shape of intensity and wavefront produced by an axicon lens.
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Figure 7. The results of simulation of the beam (16b) with the focusing distance F0 = 50 µm:
(a) according to Equations (13) and (15); (b) utilizing paraxial approximation. The transverse intensity
distribution (17) for (c) z = 0 and (d) z = 100 µm, respectively.

The results of the simulation of the modeling beam defined by (16c) with the focusing
length F0 = 50 µm are presented in Figure 8. The application of both approaches yields vi-
sually identical results. The Helmholtz unidirectional equation approximation predicts less
transversal beam size compared to the paraxial approximation. Also, the former approach
predicts the close-to-maximal intensity hotspot area with near 1 µm transversal and longitu-
dinal sizes behind focus distance. The main distinction lies in the non-symmetrical spatial
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distribution of the light side lobes depicted in Figure 8a, whereas Figure 8b showcases the
opposite pattern.
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(a) according to Equations (13) and (15); (b) utilizing the paraxial approximation. The transverse
intensity distribution (17) for (c) z = 0 and (d) z = 100 µm, respectively.

The results of the simulation of the modeling beam defined by (16d) with the focusing
length F0 = 50 µm are presented in Figure 9. The interference of secondary beams leads
to the emergence of a cruciform transversal spatial structure, which is observed in both
simulation methods. Consequently, any optical imaging method utilizing a Bessel-shaped
laser beam with a wavefront generated by an axicon lens is expected to suffer from poor
spatial resolution, mainly due to the presence of numerous side lobes. On the contrary,
the hotspot predicted from the paraxial approximation is smaller compared to the results
obtained from the UHE approximation. This confirms the capability of the latter to more
accurately capture the influence of small-scale medium inhomogeneities in comparison to
the paraxial approximation.

To validate the difference in the prediction of beam shape transformation for a moder-
ate focusing case, we simulated the propagation of the laser beam with the initial shape
described by (16b) for the focusing distance of 400 µm (Figure 10). For this specific focusing
distance, both approaches exhibit no significant disparity in the transformation of the beam
shape. The results of the simulation suggest that any optical imaging method utilizing
a Gaussian-shaped laser beam with a wavefront produced by an axicon lens yields poor
spatial resolution.



Photonics 2023, 10, 907 13 of 18Photonics 2023, 10, x FOR PEER REVIEW 13 of 19 
 

 

 

Figure 9. The results of simulation of modeling beam (16d) with focusing distance 𝐹0 = 50 μm: (a) 

according to Equations (13) and (15); (b) utilizing the paraxial approximation. The transverse in-

tensity distribution (17) for (c) z = 0 and (d) 𝑧 = 100 μm, respectively. 

 

To validate the difference in the prediction of beam shape transformation for a 

moderate focusing case, we simulated the propagation of the laser beam with the initial 

shape described by (16b) for the focusing distance of 400 μm (Figure 10). For this specific 

focusing distance, both approaches exhibit no significant disparity in the transformation 

of the beam shape. The results of the simulation suggest that any optical imaging method 

utilizing a Gaussian-shaped laser beam with a wavefront produced by an axicon lens 

yields poor spatial resolution. 

 

Figure 10. The results of propagation simulation of the model beam with the initial shape described 

by (16b) with focusing distance 𝐹0 = 400 μm in the tissue-like modeling medium: (a) results of 

simulation according to (13) and (15); (b) results of simulation using the paraxial approximation. 

Figure 9. The results of simulation of modeling beam (16d) with focusing distance F0 = 50 µm:
(a) according to Equations (13) and (15); (b) utilizing the paraxial approximation. The transverse
intensity distribution (17) for (c) z = 0 and (d) z = 100 µm, respectively.
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Figure 10. The results of propagation simulation of the model beam with the initial shape described
by (16b) with focusing distance F0 = 400 µm in the tissue-like modeling medium: (a) results of
simulation according to (13) and (15); (b) results of simulation using the paraxial approximation.

4. Discussion

To sum up, the novelty of this current study lies in the examination of ‘non-paraxial’
effects within the turbid tissue-like medium, which is modeled as a randomly inhomoge-
neous multi-layered scattering medium. According to the results of numerical simulation
for a homogeneous tissue-like scattering medium, the paraxial approximation does not de-
scribe in fine detail the beam distortion behind and after the focus area caught by the UHE
approximation (see Figure 4). In spite of a shallow topical propagation, the randomness
of the used skin model causes an irregularity of the optical beam intensity transversal 2D
distribution. For the Gaussian shape beam with a parabolic wave front, the paraxial approx-
imation does not allow describing the wide cone of light after the focus area (see Figure 6).
Also, two hotspots near the focus area were predicted using this approach which is not
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the case for the UHE approximation. The latter demonstrates that the close-to-maximal
intensity hotspot area has a longitudinal size of about 3–5 µm and a transversal size of
about 1–2 µm. These values can be used for spatial resolution estimations for tissue imaging
using sharp-focused optical beams with wavelengths of about 1 µm, which was used in
the presented simulation results. Estimations for another wavelength can be achieved
using the suggested numerical UHE implementation. The UHE approximation predicts
less transversal beam size compared to the paraxial approximation when the Bessel shape
optical beams with the parabolic wave front are used (see Figure 8). Also, the former
approach predicts the close-to-maximal intensity hotspot area with nearly 1 µm transversal
and longitudinal sizes behind the focus distance.

A poor spatial resolution of any optical imaging method using the Gaussian shape laser
beams with the wave front produced by an axicon lens was predicted (Figure 7). The same
can be concluded for the Bessel-shaped laser beams with the wave front produced by an
axicon lens (see Figure 9). For laser beams with the wavefront produced by an axicon lens, a
star-like transversal spatial structure appears. Also, the focusing process is accompanied by
the appearance of side lobes amplitude-modulated as the result of interference of secondary
beams. This drawback of Bessel beams when a decrease in the size of the focal spot is
accompanied by the growth of side lobes that worsen the image quality is known in the
literature [82,83]. Another drawback of Bessel beams is that forming a non-diffractive zone
by them has essential energy cost because only a small part of the optical beam energy
focuses on the central spot [8]. Therefore, this regime is not very suitable for use in OCT
because these side lobes will appear also in low-coherence laser beams, which will distort
essentially the results of tissue OCT visualization. It should be pointed out that used in the
simulation wavelength is close to the typical one implemented in the most modern OCT
devices (the most spread super-luminescent diodes have wavelengths of 0.905 or 0.93 µm).
Therefore, the present estimations of the focus spot sizes can be used as the upper limit of
possible spatial resolution of similar imaging methods. The real resolution is worse but
can be improved using special methods like immersion lenses [20]. Therefore, according to
the simulation results, the imaging of cells, and cell nucleus can be achieved using sharply
focused optical beams with the parabolic wave front.

For long focus distances, there are no any essential differences between both ap-
proaches (see, Figure 10).

The main differences between the UHE approximation predictions regarding laser
beam propagation through tissue compared to the parabolic approximation are as follows:

(1) The optical energy flux of the laser beam with an initially parabolic wave front has a
nonsymmetrical longitudinal direction bullet-like shape near the focus area;

(2) The hotspot size predicted via the UHE approximation is larger owing to the more
accurate catching influence of small-scale medium inhomogeneities compared to the
paraxial approximation;

(3) For a laser beam with a wave front produced by an axicon, light side lobs have non-
symmetrical spatial distribution when the numerical simulation is conducted using
the UHE approximation.

5. Conclusions

In total, the UHE approximation looks very useful for the analysis of various in-
strumental methods of optical imaging like optical coherence tomography, multiphoton
microscopy, confocal microscopy, and Raman confocal spectroscopy when these methods
use optical lenses with short focus distance, or any other technical schemes produced
sharply focused laser beams.

The potential impact of tissue anisotropy on the propagation of laser beams in the
skin is not taken into account in this current study. The presence of birefringence in the
tissue contributes to the depolarization of light, introducing additional complexities to the
phenomena under investigation [1,73,84,85]. Across the entire tissue, birefringence exhibits
a relatively minor influence throughout the skin’s entire thickness. Furthermore, strong
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scattering in the Stratum corneum and epidermis contributes to the blurring of birefringence
effects [86]. These highly scattered skin layers with a total thickness of up to 100–150 µm,
serving as a natural protective screen from sun radiation, limit significantly any sharp
focusing of laser beams within the skin. Nevertheless, a thorough investigation of the
anisotropy properties of tissue layers [87–90] necessitates a more comprehensive in-depth
analysis, attainable via the expansion of the suggested approach to vector optical fields—a
promising avenue for future research endeavors.

Finally, in this current study, we focus solely on linear effects in optical radiation-
tissue interaction, rendering our results applicable to optical radiation power levels below
20–30 mW [91]. The estimation of the photo-damage threshold is achieved for a homoge-
neous turbid tissue-like scattering medium. Taking into account the interaction of incident
light with individual cells, more sophisticated phenomena become appeared to see, e.g.,
photonics jets and fractional photo-damage in lung epithelial cancer cells [92], etc. The
introduced approach based on the UHE approximation holds significant promise for inves-
tigating similar phenomena in future research endeavors.
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