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Abstract: We experimentally and numerically investigate the dynamics of a fiber ring cavity in
which two different instability can be excited: gain-through-filtering and parametric instability.
We demonstrate that they can be triggered individually or collectively depending on the two main
control parameters offered by the cavity, namely the pump power and the cavity detuning. The
experimental observations are in good agreement with numerical simulations.
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1. Introduction

Modulation instability (MI) is a well known nonlinear process consisting in the exponential
amplification of phase-matched waves [1]. The phenomenon has been investigated in several
fields of physics ranging from fluid dynamics [2,3], to plasma physics [4] or nonlinear fiber
optics [5–10]. In fiber optics, optical resonators are a widely studied class of devices. Their
structure enables a strong enhancement of nonlinear effects as well as an easy control of the
parameters and a real-time monitoring of the dynamics of the processes due to their relatively low
repletion rates. After the first observations of MI in passive fiber ring resonators by Nakazawa et
al. [11] and by Coen et al. [12], several results have been reported including frequency comb
generation [13], the competition between Turing and Faraday instabilities [14], the observation
of highly nonlinear regimes in P1-P2 regimes [15], the prediction of extreme events [16] and
the evidence of gain-through-filtering (GTF) process [17]. In particular for GTF, the inclusion
of spectrally-localized losses is a counter-intuitive mechanism which may generate MI gain,
as it was theoretically predicted [18,19] and experimentally observed [17]. Practically, an
ultra-narrow optical filter located on one side of the pump carries an additional contribution to
the phase-matching relation, which may render the cavity modulationally unstable. Beside the
fundamental interest, GTF enables the observation of MI in any dispersion regimes and to control
the MI frequency shift, which are key features for frequency comb generation in optical resonators
[20]. The first observation of GTF was recently reported by Bessin et al. [17] in a very restricted
area of parameters. The inclusion of an additional component within the cavity, such as a filter,
opens the way to a richer nonlinear dynamics, which still need an experimental investigation. In
this paper we report the observation of the coexistence of different instabilities by exploring a
larger range of parameters. We show that, in addition to GTF, parametric instabilities [21] can
be sustained inside the cavity. The power threshold of the two phenomena can be controlled by
varying the cavity phase detuning, meaning that it’s possible to trigger either GTF and parametric
instability individually, or both simultaneously.
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2. Model and parametric gain

We model the dynamics of the passive fiber cavity by the Ikeda map [22], including the effect of
the filter in the boundary conditions as described in [19]:
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∂An
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+ γ |An |

2An = 0, 0<z<L, (1)

An+1(z = 0, t) = θEin + ρeiφ0h(t) ∗ An(z = L, t). (2)

The variable An is the slowly varying envelope of the electric field, Ein is input electric field,
β2 = ∂

2β(ω)/∂w2 |ω=ωp is the dispersion at the pump pulsation ωp, γ is the nonlinear coefficient,
t is the retarded time, z is the distance traveled inside the cavity and L is the cavity length. The
parameter θ is the coupler transmission coefficient, while all the losses of the cavity, except
the one from the filter, are lumped into ρ (ρ2 + θ2<1). In the following we will refer to ρ
as lumped loss factor. With this definition, it’s possible to relate losses and cavity finesse as
F = π√ρ/(1 − ρ) [19]. The linear phase detuning of the cavity can be expressed as ϕ0 = ωpnL/c
mod (2π), where n is the refractive index of the fiber and c the speed of light in vacuum. The
function h(t) = F −1[H(ω)] is the impulse response of the fiber Bragg grating filter, with the
transfer function defined as H(ω) = e(F(ω)+iψ(ω)). The functions F(ω) and ψ(ω) are the loss and
phase profile functions, respectively, which are related together through Kramer-Kronig relations.
Specifically, by fitting the loss profile with a higher-order Lorentzian function, one can describe
the phase with the following expressions [19]:

F(ω) = b
a4

(ω − ωf )4 + a4 , (3)

ψ(ω) = ba
(ω − ωf )[(ω − ωf )

2 + a2]
√

2[(ω − ωf )4 + a4]
, (4)

with a and b being the fitting parameters for the loss profile, and ωf is the central angular
frequency of the filter.

By performing a linear stability analysis of the continuous wave solutions of Eq. (1), the
following expression of the parametric gain is obtained [19]:

gMAP(ω) = 2 ln max{|λ1 |, |λ2 |}/L (5)
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∆ = ρ
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2 cos(kL)(He cosΦ − Ho sinΦ) −

β2ω
2 + 2γP
k

sin(kL)(Ho cosΦ − Hes ∈ Φ)
]︁
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In this formulation λ1,2 are the eigenvalue computed from the solution of the propagation
matrix obtained in the stability analysis [19], He = F {Re(h(t))} and Ho = F {Im(h(t))} are
the even and odd parts of H(ω), Φ = ϕ0 + γPL is the total phase shift of the cavity, and

k(ω) =
√︂
β2ω2

2 (
β2ω2

2 + 2γP) is the wave number of the perturbation. The input power (PIN) and
the intracavity power (P) are related together with PIN = P[1 + ρ2 + |H(0)|2 − 2ρ|H(0)|cos(ϕ0 +
γPL + ψ(0))]/θ2 [19].
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3. Theoretical analysis

To begin our analysis, we evaluate Eq. (5) as a function of the wavelength shift between the pump
and the filter, in an interval defined as ∆λ = λp − λBragg. The result is depicted in Fig. 1(a): the
2D plot shows the parametric gain evolution from ∆λ = −12 nm to ∆λ = 12 nm. The first feature
that stands out is the peculiar X shape created by the GTF bands in the interval |∆λ |<8 nm. Those
branches are the graphical representation of the tunable feature of GTF, already observed in [17],
where the gain bands move accordingly to the relative ∆λ between pump and filter. One can
also note that GTF is not the only instability visible in the plot. Indeed, for |∆λ |>8 nm, and for
−8<∆λ<0 nm, another couple of bands, close to ±1 THz, is clearly visible. Since the position of
those bands does not depend on the relative shift ∆λ, one can easily identify them as parametric
instabilities, whose position is determined mainly by the dispersion of the cavity (which in this
case is maintained constant no matter the wavelength). Interestingly, for −8<∆λ<0 nm, GTF and
parametric instabilities exist simultaneously, while for 0<∆λ<8 nm only GTF is present. This
difference between the two sides is directly related to the phase of the filter described by the
function ψ(ω) in Eq. (3) and shown in Fig. 3(b). Indeed, the phase is an odd function with respect
to the filter central frequency: it approaches zero with an opposite sign for negative and positive
frequency shift, modifying differently the phase-matching condition of the cavity. To get a clearer
insight, we plotted the parametric gain at four typical ∆λ values. Figures 1(b) and 1(e) display the
parametric gain for |∆λ | = 10 nm, for which the gain shows only parametric instabilities around
±1 THz. Figures 1(c) and (d) represent the gain at ∆λ = +5 nm and ∆λ = −5 nm, respectively. In
Fig. 1(c) only GTF is stimulated, but in Fig. 1(d) the instabilities coexist: GTF around ±0.60 THz
and parametric bands around ±1 THz. The first experimental observation of GTF [17] focused
on a positive ∆λ interval where no parametric bands were destabilized as in Fig. 1(c). There is a
competition between parametric and GTF instabilities which depends on the relative position
of the pump compare to the filter due to the asymmetric phase of the filter. Here, we focus on
the relation between GTF and parametric instabilities for a fixed negative ∆λ, where those two
effects coexist as shown in Fig. 1(d).

Fig. 1. (a) Evolution of the parametric gain as a function ∆λ from Eq. (5). The parameters
used for the calculation are: PIN=18.5 W, ϕ0 = 0 rad, γ = 1.05 /W/km, L=205.3 m,
β2 = 0.43 ps2/km, ρ =

√
0.635 and θ =

√
0.1. The central wavelength of the filter is

λf = 1549.4 nm, with fitting parameters a = 85 rad/ns, b = −2.45. (b)-(e) Four examples of
the parametric gain at ∆λ equal to +10 nm, 5 nm, −5 nm and −10 nm respectively.

We proceed with the investigation by studying the evolution of the gain as a function of PIN
and linear detuning ϕ0, under the constraint of maintaining the cavity monostable for the sake of
simplicity. In Fig. 2 we display the parametric gain band, obtained from Eq. (5). Only negative
frequencies are displayed, due to the symmetry of the bands. Note that the maximum of the
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instability band does not perfectly correspond to the maximum loss of the filter as it was observed
and detailed in [19]. In particular: Fig. 2(a) illustrates the evolution of the gain for ϕ0 = 0.26 rad,
as a function of the input pump power. The blue dashed line denotes the input power threshold
for parametric instabilities (PIN = 17.65 W), and the red dashed line represents the threshold for
the GTF (PIN = 18 W) and the vertical black dashed lines highlight the central frequency of the
filter. Similarly, Fig. 2(b) depicts the evolution of the gain for ϕ0 = −0.26 rad, blue dashed line
indicating the parametric instability threshold (PIN = 13.9 W), and the red dashed lines indicating
GTF instability (PIN = 10.33 W). For both plots it is possible to see parametric instabilities
around −1 THz and GTF instabilities around −0.6 THz, but the order of appearance of the two
phenomena is reversed. Indeed, if for ϕ0 = −0.26 rad parametric instabilities arise for lower
input power with respect to GTF, for ϕ0 = 0.26 rad the situation is reversed. Thus we can choose
to trigger one process or the other, by tuning the cavity detuning and pump power.

(a)

(b)

Fig. 2. Evolution of the gain as a function of the pump power at a fixed ∆λ = 5 nm at
different phase detuning. All the parameters except ϕ0 and PIN are listed in the caption of
Fig. 1. (a) Gain evolution for ϕ0 = 0.26 rad. (b) Gain evolution for ϕ0 = −0.26 rad. Red
dashed lines highlight the threshold power of GTF, the blue dashed lines the threshold power
for parametric instabilities, the black dashed vertical line highlights the central frequency of
the filter. It is worth noting the inversion in the order of appearance of the instabilities with
respect to input power at different linear phase detunings.

4. Experimental setup

Before going into the details of our results, we proceed with the description of the experimental
setup used displayed in Fig. 3(a). The cavity is structured as follows: Lf = 203 m of dispersion
shifted fiber, one 90/10 injection fiber coupler, one 95/5 tap fiber coupler, and the FBG filter.
The couplers, having a total length of Lc = 1.8 m, are chosen to be normally dispersive at the
wavelength of the pump, whilst the FBG is engraved on LFBG = 0.5 m of standard SMF28 optical
fiber. The total length of the cavity is thus L = Lf + Lc + LFBG = 205.3 m, with an average
dispersion of β2 = 0.43 ps 2/km and a nonlinear coefficient γ = 1.05/W/km. The FBG has a
central wavelength λBragg = 1549.44 nm (193.49 THz) and a FWHM of 0.29 nm (30 GHz), see
Fig. 3(b). The finesse of the cavity is F = 14 corresponding to a lumped loss factor ρ =

√
0.635.

The pump is a cw laser centered at λp = 1544.4 nm. The pump is split into two beams with an
optical 90/10 coupler: 90 % of the power is used as nonlinear beam (red) which coherently
drives the cavity, while the remaining 10 % is used as control beam (blue) to stabilize the cavity.



Research Article Vol. 31, No. 22 / 23 Oct 2023 / Optics Express 37015

The nonlinear beam is modulated into flat-top pulses with an intensity electro-optical modulator
(EOM) and then processed with an acousto-optic modulator (AOM). The two modulators are
used to create a train of pulses: the EOM is used to generate a flat-top optical pulsed signal,
with a duration of 1 ns and a period of 1.06 µs. The AOM is driven by a gated-sinusoidal
signal and serves a double purpose. Firstly, a gating function, synchronized with the pulses
of the EOM, allows to enhance the extinction ratio of the train of pulses up to 50 dB to avoid
stimulated-Brillouin-scattering. Secondly, it superimposes a sinusoidal signal upon the pulses,
allowing for a fine control of the phase detuning ϕ0. We remind for clarity that the relation
between the phase detuning ϕ0 and the pump frequency ωp is ϕ0 = ωpnL/c . The pulses are
amplified through an erbium doped fiber amplifier (EDFA1) and polarization is aligned with a
paddle (PC1) [12], before being fed into the cavity through the 90/10 injection coupler. In this
work the effects of the polarization are not studied but, for an optimal level of intracavity power,
we make sure that the polarization of the input field is well aligned with one of the polarization
axis of the cavity. The control beam path consists of a phase modulator (PM), an erbium doped
amplifier (EDFA2) and a paddle (PC2). The phase modulator (PM) is part of the stabilization
scheme, together with the Pound-Drever-Hall (PDH) [23] and the PID modules. The amplifier
EDFA2 is used to compensate for the losses of the two modulators.

90/10

CW Laser 

PDH 

PM

-0.5 0 0.5
Frequency [THz]

-2

0

2

F(
), 

(
)

90/10

IM AOM (a)

sig. gen.

PC1

PC2

EDFA1

EDFA2

FBG

OSA(b)

95/5

Fig. 3. (a) Experimental setup. EOM: electro-optical intensity modulator, PM: optical
phase modulator, AOM: acusto-optical frequency modulator, EDF1-2 : Erbium-doped
Fiber Amplifiers, PC1-2: Polarization controllers, PDH: Pound-Drever-Hall controller, PID:
proportional-integrative-derivative controller, FBG: fiber Bragg grating. (b) Filter transfer
function modulus |H(ω)| in blue and phase ψ(ω) in red. The plot is centered on the frequency
of the pump.

5. Experimental results

As the first result, we compare the measured output spectra for two cavity phase detunings with
numerical simulations of Eq. (1) performed with a split-step Fourier method. The parameters of
the cavity are listed in the caption of Fig. 1, except for the linear detuning and the input power,
which vary accordingly to the measurements. Fig. 4(a) illustrates the spectrum at ϕ0 = −0.26 rad
for PIN = 14.1 W, while in Fig. 4(b) PIN = 18 W. For both figures red traces are the experimental
measurements, and blue traces are the simulated spectra. We also plot the profile of the filter in
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yellow, as a reference for the bands position. One can note that in Fig. 4(a), the spectrum displays
only GTF components with the first band at ±0.61 THz. Figure 4(b) shows that increasing
the input power leads to the appearance of parametric instability bands at ±0.97 THz. In the
latter case, it’s also possible to note some spurious spectral components at ±0.36 THz, due to
four-wave-mixing. The frequency of those components is simply the difference between the GTF
and parametric instabilities frequencies. One can note that the numerical simulations and the
measurements are in good agreement.

Figure 5(a) reports a plot of the spectrum at ϕ0 = 0.26 rad for PIN = 21 W, and Fig. 5(b)
for PIN = 26 W. The color code of the traces is the same as Fig. 4. In Fig. 5(a), firstly we can
see the appearance of parametric instabilities at 0.95 THz, followed at higher powers by GTF
instabilities at 0.57 THz as depicted in Fig. 5(b). As the previous case, the coexistence of the
two instabilities leads to the formation of spurious components at ±0.38 THz. Again, numerical
simulations and measurements are in very good agreement, for both position of the bands and the
order of appearance. It is important to note that the predictions of the analytical model (Eq. (5)
) are in qualitative agreement with these results. It indeed predicts the order of appearance of
the instabilities (see Fig. 2 ), but there is no quantitative agreement concerning the threshold
values because it assumes a uniform cavity while we used different fiber type to set the average
dispersion of the cavity to slightly normal value. We observed numerically the threshold values
are slightly modified due to the dispersion management within the cavity. Finally, we illustrate
the overall evolution of the threshold of parametric and GTF instabilities as a function of the
linear cavity detuning ϕ0. Figure 6 represent the evolution of the parametric (blue) and GTF
(red) threshold evolution from analytical (Eq. (5), Fig. 6(a) ) and numerical (Eq (1), Fig. 6(b))
predictions, vs experiments (Fig. 6(c)). First of all we have a pretty good qualitative agreement
between theoretical predictions (Figs. 6(a) and (b)) and experimental results (Fig. 6(c)). For low
cavity detuning values, GTF instabilities appear first while for large ones these are parametric
ones. The agreement between numerical simulations and experiments is pretty good provided
that there are no free parameters in this complex system made of a large number of parameters
and that the threshold can be affected by noise, slight fluctuations of the stabilization system, or
drifts of the synchronization mismatch. The analytical model, while assuming a uniform cavity,
provides a very good qualitative description of the dynamics of the system and can be used as toy
model to get a rapid physical insight of the process.
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Fig. 4. Output spectra for different input powers and ϕ0 = −0.26 rad. (a) Spectrum for
PIN = 14.1 W, (b) Spectrum for PIN = 18 W. Blue lines are the experimental traces, red lines
are the numerical simulations. PIN refers to the power used in the numerical simulations.
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Fig. 5. Output spectra for different input powers and ϕ0 = 0.26 rad. (a) Spectrum for
PIN = 21 W, (b) Spectrum for PIN = 26 W. Blue line are the experimental traces, red lines
are the numerical simulations. PIN refers to the power used in the numerical simulations.
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Fig. 6. Evolution of the power thresholds of the two gains as a function of the detuning
ϕ0. (a) shows the theoretical threshold evolution, computed by solving Eq. (5) as a function
of power for each fixed phase detuning. (b) shows the experimental threshold evolution,
recorded by changing the power at each phase detuning.

6. Conclusions

In conclusion, we have theoretically and experimentally characterised the coexistence of GTF
and parametric instabilities in a fiber ring cavity. In particular, we analysed and measured the
behavior of the power thresholds of GTF and parametric instability, and demonstrated how it’s
possible to modify the nature of the spectra by simply changing the linear phase detuning. We
obtained a good agreement between experimental results and numerical simulations, confirming
these observations. This study helps to complete the analysis on GTF phenomenon, and gives
a more in-depth analysis on how it can interact with other common instabilities, extending the
knowledge of previous studies on the topic [17].
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