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It is shown that the use of the mode classification adopted in the Jacobi matrix method and
which is the most natural one for describing localized states leads to extremely rapid conver-
gence of the Green functions for frequencies lying outside the quasi-continuum band of the crys-
tal. This has made it possible to obtain rather general analytical expressions for the conditions of
formation and the characteristics of local modes due to the presence of light impurity atoms in
crystal lattices having a simply connected region of the quasi-continuous phonon spectrum. The
accuracy with which the frequencies and intensities of the local modes are determined using
these expressions is illustrated for examples of light substitutional impurities �isotopic and
weakly coupled� and close-packed structures �fcc and hcp� and also isolated pairs of isotopic
impurities in an fcc crystal lattice. In particular, the results permit simple and extremely accurate
evaluation of the parameters of the host lattice and defect from the known values of the local
frequencies. © 2006 American Institute of Physics. �DOI: 10.1063/1.2178484�

INTRODUCTION

Discrete levels arising outside the quasi-continuum band
of the phonon spectrum of the ideal lattice of a crystal when
light or strongly coupled impurities are introduced in it have
been known and studied both theoretically and experimen-
tally for around sixty years. The amplitudes of the corre-
sponding vibrations, which are called local modes, fall off
rapidly with distance from the defect, and at distances from
the impurity atom much greater than the characteristic radius
of the interatomic interaction in the lattice their decay can be
considered exponential. The now classic results in the papers
by I. M. Lifshits and his school,1–6 in which the theory of
regular degenerate perturbations was developed and used to
obtain closed expressions for the changes of the phonon
spectrum of a crystal due to local defects, including expres-
sions for the frequencies of local vibrational modes, can be
found in practically all textbooks on the dynamics of the
crystal lattice, e.g., Refs. 7–11.

Since that time, experimental techniques have been de-
veloped for investigating local modes, the most efficient and
most often used being neutron diffraction, spin-lattice relax-
ation, and optical and point-contact spectroscopy, which
have made it possible to observe such oscillations in a num-
ber of solid solutions �see, e.g., Refs. 10, 12, and 13�. The
transformation of local levels in the quasiparticle spectra
�phonon, electron, etc.� into impurity bands in crystals with a
finite concentration of impurity atoms has been studied
theoretically.14–17 With the development of methods of non-
linear dynamics have come papers devoted to the influence
of lattice anharmonicities on the local modes �see, e.g., Ref.
18�.

However, to this day there is a lack of adequate expres-
sions, even in the harmonic approximation, for describing

the formation and basic characteristics of local modes �such
as the local frequency and the amplitude of the impurity
atom itself at that frequency and also the damping of the
amplitude of the local mode with distance from the impurity�
in the model of a crystal lattice with an isolated defect.

In this paper we obtain suitable analytical expressions
for the case of light �isotopic and weakly coupled� substitu-
tional impurities in crystals having a simply connected quasi-
continuous spectrum. The results are analyzed in detail for
close-packed lattices, when in the description of the inter-
atomic interaction one can restrict consideration to the cen-
tral interaction of nearest neighbors. The formulas describe
the characteristics of the local modes to high accuracy over a
wide frequency range and can be used to determine the pa-
rameters of the host lattice and of the impurity from experi-
mentally measured local frequencies.

I. APPROXIMATING EXPRESSIONS FOR THE
CHARACTERISTICS OF LOCAL MODES

The equation of the harmonic vibrations of a system of
interacting oscillators �not necessarily having crystalline or-
der� can be written in operator form as an eigenvalue prob-

lem for a certain operator L̂ �see, e.g., Refs. 7, 8, and 11�:

�L̂ − �Î��� = 0. �1�

In Eq. �1� the vector field ��r� is a renormalized field of
atomic displacements u�r�:

ui�r,t� �
�i�r�
�m�r�

ei�t �2�

and is treated as a certain vector space that we shall denote as

H, i.e., �� p��rp ;��rp���H. The dimension of this space in
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the general case is equal to the product of the number of
atoms N in the system and the number of degrees of freedom
q of each atom.1� In Eq. �2� ui�r , t� is the ith component of
the displacement vector of an atom with radius vector r at
time t; m�r� is the mass of that atom, and �=�2 is the square
of the eigenfrequency, which is the eigenvalue of the opera-

tor L̂,

Lik
r,r� =

�ik�r,r��
�m�r�m�r��

, �3�

acting in the space H ��ik�r ,r�� is the matrix of force con-
stants�.

The vibrations of a crystal lattice containing an isolated

point defect are described by the operator L̂= L̂0+ �̂, where

the operator L̂0 describes the vibrations of the unperturbed

�ideal� lattice and the operator �̂ is the perturbation intro-
duced by the defect. The discrete local levels satisfy the Lif-
shits equation, which can be written in operator form as �see,
e.g., Ref. 11�

det��Î − Ĝ0����̂�� = 0. �4�

Here Î is the unit operator, and Ĝ0��� is the Green op-
erator of the unperturbed lattice, which for an arbitrary op-

erator L̂ is defined as

Ĝ��� � ��Î − L̂�−1. �5�

If the operator matrix �̂ has a finite rank, the perturba-
tion is called degenerate, in which case Eq. �4� can be solved.
The rank of a matrix depends not only on the form of the
perturbation operator but also on the choice of basis. The
conventional representation of lattice modes as a superposi-
tion of plane waves unjustifiably narrows the domain of ap-
plicability of the Lifshits equation, since many perturbation
operators describing the influence of a point defect on the
vibrational modes of a crystal lattice have a finite rank in the
coordinate representation but an infinite rank in k space. The
solution of this equation is also made difficult by the infinite
degeneracy of the eigenmodes. To avoid these difficulties the
J matrix method is used,20,21 since the mode classification
used in that method is most convenient for describing the
bound states, and the spectra of the operators considered in
that method are simple. The J matrix method is set forth in
detail in Refs. 20–23 and in the Appendix to Ref. 24, where
it is used specifically to describe local modes. Therefore, in
this paper we shall give a minimal introduction to the J ma-
trix method to permit the reader to understand the terminol-
ogy used and the results obtained.

A. Evaluation of the Green function by the J matrix method

The J matrix method is based on dividing up the mode
space H into a sum of subspaces, each of which is specified

by a choice of a certain generating vector h�0�H, corre-
sponding to a certain displacement of some selected atom or
group of atoms. In each such subspace the Green function
G���—the matrix element of the Green operator G���
�G00�����h�0 , Ĝ���h�0�—is represented as a continued or
chain fraction, which contracts to the form22,23

G��� = lim
n→�

G�n����;

G�n���� =
Qn��� − bn−1Qn−1���K����
Pn��� − bn−1Pn−1���K����

. �6�

The functions Pn��� are polynomials of degree n which
satisfy the recurrence relation

bnPn+1��� = �� − an�Pn��� − bn−1Pn−1��� �7�

for the initial conditions

P−1��� = 0; P0��� = 1; �8�

Qn��� are polynomials of degree n−1 which satisfy the same
recurrence relation �7� but for the initial conditions

Q0��� = 0; Q1��� = b0
−1. �9�

Here an and bn are, respectively, the diagonal and off-
diagonal elements of the tridiagonal Jacobi �J� matrix of the
operator induced by operator �3� in the given subspace.
K���� is the function to which the continued fraction corre-
sponding to the J matrix contracts when all its elements are
equal to their limiting values. If the continuum band of the
crystal is simply connected, �� �0,�m�, then

lim
n→�

an = 2 lim
n→�

bn =
�m

2
, �10�

and the function K���� has the form

K���� =
4

�m
2 �2� − � + 2Z�����	� − �m	
 , �11�

Z��� � i�������m − �� − ��� − �m� . �12�

The function G�n���� is a certain approximation of the Green
function, its accuracy being determined by the value of n �the
order of the Huygens wavelet� and the rate of convergence of
the matrix elements to their limiting values �10� with increas-
ing n.

Any element of the Green operator Gmn��� is related to
the Green function by the simple relation

Gmn��� = − Pm���Qn��� + Pm���Pn���G���; �m � n� .

�13�

Thus expressions �6�–�13� completely specify a scheme for
evaluation of the Green operator of the system.

The unit-normalized spectral density

	�n���� =
1



Im G�n����

=
8


�m
2

����m − ��
	Pn��� − bl−1Pn−1���K����	2

· �������m − ��

�14�

is the so-called regular or elliptical distribution of the
squares of the frequencies �often used in approximate calcu-
lations; see, e.g., Ref. 19�, modulated by a certain polyno-
mial of degree 2n. It is easy to see that both the function �14�
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and the approximation of the real part of the Green function
which follows from Eq. �6� are analytic inside the continuum
band. Such an approximation of the real and imaginary parts
of the Green function cannot be their exact expression, since
the given functions are not analytic in the continuum band.
Although even at relatively modest values of n the real and
imaginary parts of �6� on the intervals of regularity of the
real and imaginary parts of the function G��� converge to the
true values of these functions, near singular points �Van
Hove singularities� the deviation of �14� and �6� from those
true values are noticeable even at relatively large values of n
�see, e.g., Ref. 20�.

Outside the continuum band the behavior of the Green
function is substantially simpler. For ���m the function
G����Re G��� and can be expressed in terms of an integral
of the spectral density. The singularities will be smoothed
out, and outside the continuum band the Green function will
be analytic.

The rate of convergence of this function with increasing
n is very high—the approximations �6� for n=1 and large n
coincide to a high accuracy, as is clearly seen in Figs. 1 and
2. Figure 1 shows the dependence and frequency � of the
real part of the Green function G�n�����2�G�n���� �curves 2
and 2�� and also the corresponding spectral density ����
=
−1 Im G��� �curves 1 and 1�� for an fcc crystal lattice

with a central interaction between nearest neighbors. Curves
1 and 2 correspond to n=60 for the fcc case and to n=36 for
the hcp, while the primed curves 1� and 2� correspond to n
=1. The spectral densities 	��� are normalized to unity,
while the normalization of Re G��� is determined by the
Kramers-Kronig relation. Although for �� �0,�m� the
curves calculated for n=1 and large n have little in common,
for ���m the curves 2 and 2� practically merge, except in a
very narrow region near the boundary of the continuum
band.

Figure 2 shows, for frequencies ��m, the frequency
dependence of �, defined as

� �
G�1���� − G�60����

G�60����
,

i.e., the relative deviation of the approximation of the func-
tion G�60���� by G�1����, for an ideal crystal lattice with a
central interaction of nearest neighbors: fcc �curve 1� and
hcp for the case c /a=�8/3 �curves 2 and 3, for the generat-
ing displacement directed along the a and c axes, respec-
tively�. It is seen that � varies from values of �1% near the
boundary of the continuum band to values �0.1–0.01% at
appreciable distances from it.

To determine the local frequency due to the presence of
a light isotopic substitutional impurity in the crystal, one can
write the Lifshits equation �4� in the form

G��� � S��,�̂� =
2

��
, �15�

where � is the mass defect of the impurity atom:

� �
�m

m
=

m� − m

m
�16�

�m� and m are the masses of the impurity and host atoms,
respectively�. Figure 1 shows an example of the graphical
solution of the Lifshits equation �15�. Curve 3 in this figure
corresponds to the function S�� ,�� for �=−0.75 �the impu-
rity atom is one-fourth as heavy as the host atom�. The val-
ues of � at which this curve intersects the curves of G�60�
���� and G�1���� �i.e., the values of the corresponding local
frequencies� agree to within �10−4.

As can be seen in Fig. 3, taking the interaction with
more remote neighbors into account does not degrade �and,

FIG. 1. Spectral densities �curves 1 and 1�� and the real parts of the Green
functions �2 and 2�� of the ideal fcc crystal lattice with a central interaction
of the nearest neighbors. The point of intersection of curves 2 and 3 deter-
mines the local frequency; curves 2� and 3 are its approximation with the
use of the function G�1����.

FIG. 2. Frequency dependence of the relative deviation � of the approxi-
mation G�1���� from the function G�60���� for ideal crystal lattices with a
central interaction of nearest neighbors: fcc �1�, hcp, for displacement along
the a axis �2�; hcp, for displacement along the c axis �3�.

FIG. 3. Evolution of the frequency dependence ���� with increasing inter-
action with next-nearest neighbors ��1 and �2 are the force constants of the
first and second neighbors, respectively�.
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near the boundary of the continuous spectrum, even im-
proves� the accuracy of approximation of the Green function
by G�1���� for ��m. Thus in this case the given approxi-
mation is entirely suitable for describing the characteristics
of the local modes.

We note that it is straightforward to obtain analytical
expressions both for the first matrix elements a0 and b0 of the
J matrix and for the function G�1����. Therefore, the fact that
outside the continuum band the function G�1���� is a good
approximation of the Green function permits a substantial
advance in the study of the local levels; in particular, it al-
lows one to write relatively uncomplicated analytical expres-
sions for the frequency and other characteristics of the local
modes.

B. Local modes in the J matrix method

If the operator �̂ in a cyclic subspace under consider-
ation is represented by a J matrix of finite rank, then one can
write the Lifshits equation20,30,31 in that subspace and from it
determine the conditions of formation and the characteristics
of the local modes �see, e.g., Ref. 24�.

In a number of cases a constructive alternative to the
given method is to find the poles of the Green function of the

perturbed system, when G����G00���= �h�0 , ��Î− L̂0

− �̂�−1h�0�, i.e., when the J matrix of the operator L̂= L̂0+ �̂ is
used in Eq. �6�. This method is also suitable for determining
the local modes due to a nondegenerate perturbation operator
�if the perturbation does not alter the width of the continuum
band, i.e., the limiting values of the J matrix, and can be
considered “asymptotically degenerate”�. The poles �d of the
Green function determine the discrete frequencies �in par-
ticular, the local modes�, and the residues at them, �0

�d�

� res�=�d
G00��� their intensities, i.e., they characterize the

value of the amplitude of the same modes, determined by the

vector h�0, at discrete frequencies, and

�
0

�m

	���d� + 
d

�0
�d� = 1.

It follows from Eq. �13� that �n
�d�� res�=�d

Gnm���
=�0

�d�Pn
2��d�, i.e., the function Pn

2��d� determines the attenu-
ation of the amplitude of the local mode with increasing
number of the secondary Huygens wavelet. When the matrix
elements of the J matrix approach their limiting values �10�
the sequence �Pn

2��d�
n=na

� tends toward an infinitely decaying
geometric progression, and thus the amplitudes of the local
modes are damped exponentially.25–27 Of course, for any lo-
cal level it is necessary to satisfy the condition


n=0

�

�n
�d� = �0

�d�
n=0

�

Pn
2��d� = 1, �17�

which follows from the formulas for the difference of the
traces of the perturbed and unperturbed operators.5,20,21 Thus,
outside the continuum band the function G�1���� is a good
approximation of the Green function, and thus it is reason-
able to expect that it can be used to obtain a completely
satisfactory description of the characteristics of the local
modes. Let us calculate these characteristics.

We introduce the parameters � and � characterizing the
deviation of the matrix elements a0 and b0 from the limiting
values �10�:

a0 =
�m

2�1 + ��
; b0 =

�m

4�1 + �
, �18�

and obviously � ,�� �−1, +��.
The Green function G�1���� can be written in the form

G�1���� = G�1���,�,�� =
4�1 + ���1 + ��

2��1 + ���1 + 2�� − �m�1 + 2� − �� − 2Z����1 + ����	� − �m	
. �19�

The values �=�d�� ,����m at which the denominator of Eq.
�19� goes to zero determine the squares of the local mode
frequencies. It follows from elementary but awkward calcu-
lations that there is one such value:

�1��,�� � �l
2��,��

=
�m

4��1 + ���2� − � −�− � +
�� − ��2

1 + �
�

�20�

which exists for

� � � −
3

4
;

� � �− 1, + ��;
� or � � � −

3

4
;

� � ��*�� � −
1 + 2�

3 + 4�
� .

�21�

The shaded region in Fig. 4 corresponds to the presence of
local modes in a system characterized by parameters � and
�.

It was shown in Ref. 24 that the threshold values of the
parameters � and �, which lie on the curve �=�*���, corre-
spond to a square-root singularity of the spectral density at
�=�m. Indeed, the spectral density
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	�1���,�,�� =
1 + �

4
�

����m − ��

�d=1

2
�� − �d�

, �22�

where �2, which differs from �1 by the sign in front of the
radical in the definition �20�, has the same singularity at �
=�*, since there �1=�m. In particular, the ideal linear chain
with nearest-neighbor interactions corresponds to �=0 and
�=−1/2. These values lie on the curve �=�*���. The spec-
tral density of such a chain has square-root features at the
edges of the continuum band, and the formation of local
modes of a light or strongly coupled impurity occurs in a
thresholdless manner.

For the local-mode intensity �0=res�=�l
2G��� we obtain

�23�

Substituting �20� into the Lifshits equation,20,24 which
for the system under discussion has the form ��� �0,�m��,

�m + 2���2� − �m� + �m
1 + �

1 + �
��2� − �m − 2���� − �m�� = 0,

�24�

shows that �1�� ,�� satisfies this equation when conditions
�21� hold.

It was mentioned above that as a measure of the attenu-
ation of the modes one can use the change of the mode
amplitude with increasing number n of the secondary Huy-
gens wavelet, and that change is proportional to Pn

2��1�. Sub-
stituting Eq. �20� into �7� and �8�, we obtain

P1��1� = −
�1 + �

��1 + ��
�� +�− � +

�� − ��2

1 + �
� . �25�

It is easy to prove by mathematical induction that for n1

Pn��1� =
1

�1 + �
��1 + �P1��1��n, �26�

and consequently, the values of �n, provided they are non-
zero �i.e., if conditions �21� hold, and the local levels actu-
ally exist�, for n1 form a geometric progression:

�n = �1qn−1 =
�0

1 + �
qn. �27�

The denominator of this progression,

q = ��1 + � P1��1��2

= � �1 + ��
��1 + ��

�� +�− � +
�� − ��2

1 + �
��2

�28�

under condition �21� is less than unity, and condition �17�
holds.

Thus the formulas obtained in this Section, Eqs. �20�,
�21�, �23�, and �28�, contain a complete solution of the prob-
lem of atomic dynamics for local modes in a system de-
scribed by the Green function �19�, i.e., they determine the
existence conditions of the local modes and their frequency,
intensity, and damping. In the next Section we analyze and
illustrate the applicability of these results for specific models
of close-packed crystals containing substitutional impurities.

II. LOCAL MODES DUE TO THE PRESENCE OF A
SUBSTITUTIONAL IMPURITY IN CLOSE-PACKED CRYSTAL
LATTICES

In the previous Section we considered the Green func-
tion of the perturbed system � Eq. �19��, although nonzero
parameters � and � can also exist for a defect-free structure
and, to a first approximation, can characterize the features of
its geometry and interaction force. For a lattice containing

FIG. 4. Regions of the existence �shaded� and absence of local modes in a
system described by the Green function �19�. The separating curve �
=�*��� is determined by the system of inequalities �21�.
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defect atoms the parameters � and � will be some functions
of the parameters of the defect—the relative changes of the
mass, � � Eq. �16��, and of the force constant of the interac-
tion, �:

� �
��

�
=

�� − �

�
, �29�

where �� and � are the force constants describing the inter-
action of an impurity with the nearest neighbors and the
interatomic interaction in the ideal lattice. The values of the
functions ��� ,�� and ��� ,�� for which the influence of the
defect vanishes can be nonzero �as we have said, the ideal
linear chain corresponds to �=−1/2�. However, the defect-
free system cannot correspond to values of � and � corre-
sponding to the presence of local modes �see, e.g., Ref. 32�.
In particular, for ideal lattices the inequality ��−3/4 should
hold.

After determining the functions ��� ,�� and ��� ,�� for
specific crystal structures with different defect configurations
and substituting them into Eqs. �20�, �23�, �28�, and �21�, one
can obtain the dependence of the conditions of formation and
the dynamic characteristics of local modes on the parameters
characterizing the individual defect, the configuration of de-
fects, and also the ideal lattice. In this Section we obtain
these dependences for substitutional impurities in fcc and
hcp lattices. The results are compared with numerical calcu-
lations done with the use of J matrices of high rank.

A. Isolated isotopic impurity in fcc and hcp crystal lattices

An isotopic substitutional impurity is an important ob-
ject in the dynamics of a lattice with defects. This is because,
first, the contribution to the vibrational spectrum of the crys-
tal introduced by real substitutional impurities �the kind most
often encountered� is mainly due to the mass difference, and
some solid solutions can to sufficient accuracy be treated as
isotopic �e.g., Ag–Al�.2� Second, if the chemical composition
of the solution is known, then the mass difference of the host
and impurity is known precisely, and the difference of the
force constants and the values of the stresses due to the pres-
ence of the impurity and the influence of other processes
�rotation, conversion� are the direct problem of the experi-
ment. To solve this problem, one must compare the experi-
mental data with the theoretical calculation for an isotopic
impurity model, and that makes a theoretical account of the
influence of the isotope effect an inescapable part of the ex-
perimental research.

The cyclic subspaces generated by displacements of an
isolated isotopic impurity along the principal crystallo-
graphic axes contains complete information about the change
of the phonon spectrum of the crystal due to such a
defect.20,30,31 In each such subspace there are only two non-

zero elements of the J matrix of the perturbation operator �̂:

�00 = −
�

1 + �
a0, �01 = �1 −

1
�1 + �

�b0, �30�

where � is the mass defect �16�, and a0 and b0 are the first
two elements of the J matrix of the unperturbed operator.
Consequently, the parameters � and � �18� completely de-
scribe the perturbation introduced by such a defect.

The force matrices �ik��� for the case of a central inter-
action between atoms have the form

�ik��� = − ����
�i�k

�2 �1 − ��,0� + ��,0
�

����
�i�k

�2 .

�31�

In this study we limit consideration to the nearest-
neighbor interaction. Let us first consider fcc and hcp crystal
structures with �=1. Then all of the values of � are identi-
cal, and ������. Then the square of the maximum fre-
quency is �m=8� /m. The matrix elements a0=�m /2 and b0

=�m /4, i.e., the Green function �19� coincides with the quan-
tity K���� determined in Eq. �11�.

In cyclic subspaces generated by displacements of an
isotopic impurity, the parameters �=�=�. Substituting these
values into �20�, �23�, and �29�, we obtain

�l
2 = ��m

2
�2 1

�	�	�1 − �	�	�
; �32�

�0 = 1 −
1 − �	�	

2	�	
· ��−

1

4
− ��; �33�

q = �1 − �	�	
�	�	

�2

. �34�

Figure 5 shows plots of �l��� and �0��� and also of the
quantity

�l��� = �0���P1
2��l

2�

= ��	�	 −
1

2
��1 − �	�	

�2 ���−
1

4
− �� , �35�

calculated according to formulas �32�–�35� and also with the
Green function �6� obtained using J matrices of high rank.
Only near the boundary of the continuous spectrum is there a

FIG. 5. Plots of the main characteristics of the local mode due to an isolated
isotopic impurity in close-packed crystal lattices with a central interaction of
nearest neighbors versus the mass defect. The local mode frequency �1�, the
local mode intensity at the impurity atom itself �2�, and the local mode
intensity at the first coordination sphere of the impurity �3�. The solid curves
are calculated using a J matrix of the first rank; the data points are calculated
using a J matrix with n=60: �—fcc; � and �—hcp, along the a and c
axes, respectively.
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noticeable ��5% � difference in the behavior of the intensi-
ties �but not frequencies� of the local modes.

We note that already for �l�1.01�m the quantity
1− ��0���+�l�����10−4, i.e., the local mode is almost com-
pletely localized within the first coordination sphere of the
impurity atom.

The value of the threshold mass defect �* necessary for
the local mode to arise can be determined from the condition
that the Lifshits equation hold for �→�m+0. In Ref. 24 it
was shown that

�* =
1

�mG��m + 0�
=

2

�mG��m + 0�
. �36�

The values of G��m+0� and �* for the systems consid-
ered are presented in Table I.

If in the hcp crystal lattice the parameter ��1, then
����=���z,0

+�c�1−��z,0
�, where ����a�,

�c���a��1+2�2� /3� �a is the hcp lattice constant�. If the
maximum frequency is reached at the bottom of the optical
band, as is typically the case in the majority of such struc-
tures, then, in the cyclic subspaces generated by displace-
ments of the impurity along and perpendicular to the c axis,
the parameters � and � can be represented in the form

h�0 = 	0	�100��:

���� =
�c�4�2�1 + �� − 1� − 3�

�c + 3�;
;

���� =
�c

2�2�2�2�5 + 6�� − 1� − 9�2

�c
2�2�1 + 2�2� + 9�2 ;

h�0 = 	0	�001��:

���� = �; ���� =
− 1 + �2�1 + 3��

1 + 2�2 . �37�

The substitution of these parameters into Eqs. �20�, �23�, and
�28� leads to straightforward but very awkward calculations
for the characteristics of the local modes, and we see no
point in writing them out in explicit form.

A comparison of the results obtained in that way with the
results of a calculation with Green functions obtained using J
matrices of high rank is presented in Fig. 6. It is seen than in
that case Eq. �20� is a very good approximation of the local
frequency in the entire frequency range, and that Eq. �23�
describes the intensity of the local mode well for �l

�1.05–1.10�m. In practice, for determining the characteris-

tics of a local vibrational mode it is sufficient to take into
consideration that the spectral density near �m has a definite
shape: 	������m

2 −�2 �see, e.g., Ref. 7�. Such an approxi-
mation of the spectral density was used, in particular, in Ref.
33. The coefficient of proportionality can be expressed in
terms of the mean frequency and its variance over the spec-
trum, and, hence, in terms of a0 and b0. Indeed, since the
polynomials Pn��� are orthonormalized in the Hilbert space
with a weight factor 	��� �see, e.g., Refs. 28 and 29, one has

a0 = M1; b0 = �M2 − M1
2, �38�

where Mn��0
��n	���d�. Accordingly, the matrix element a0

is the square of the Einstein frequency, and the matrix ele-
ment b0 characterizes the variance of the mode distribution.

The values of a0 and b0 are influenced only by those
neighbors of the impurity atom with which it directly inter-
acts. In the model considered here these are the nearest
neighbors, and therefore the possibility of describing the lo-
cal frequencies to high accuracy with the use of Eq. �20�
means that the other perturbations acting on the lattice have
practically no effect on the local mode frequency if they do
not touch the first coordination sphere of the impurity. In
particular, at a finite concentration of impurity atoms the
smearing of the local levels occurs mainly on account of
impurity pairs in positions such that there is an intersection
of the sets of atoms with which each member of the pair
interacts. This case is considered in the next subsection.

TABLE I. Values of G00��m+0� and the threshold values of the mass defect
for fcc and hcp ��=1� crystal lattices.

FIG. 6. Plots of the frequency and intensity of the local mode due to the
presence of an isolated isotopic impurity in an hcp crystal lattice with a
central interaction of nearest neighbors versus the mass defect for nonzero
values of the parameters ��a /c�8/3: �=1.05, �c=0.88� �a�; �=0.95, �c

=1.15� �b�. The solid curves are the result of a calculation using a J matrix
of the first rank, � and � using a J matrix with n=60 �along the perpen-
dicular to the c axis�.
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B. Local modes due to a pair of isotopic impurities in an
fcc lattice

In an fcc crystal lattice with a central interaction be-
tween nearest neighbors there will be atoms interacting with
both impurities if the impurities are nearest, next-nearest,
third-nearest, or fourth-nearest neighbors of each other.

Suppose there is an isolated pair of isotopic impurities
that are nearest neighbors of each other. We place the origin
of the coordinate system at one of the impurities and choose
the coordinate axes to lie along the fourfold axes in such a
way that the coordinates of the other impurity are
�a /2 ,a /2 ,0�, where a is the fcc lattice constant.

Unlike the case of a single isolated impurity, the pres-
ence of such a defect lowers the symmetry of the system
from Oh to D2h. The whole space of atomic displacements
can be represented in the form a direct sum of six mutually
orthogonal cyclic subspaces, each of which transforms ac-
cording to a one-dimensional irreducible representation of
the point group D2h :�i �i=1,3 ,4 ,5 ,6 ,8 in the notation of
Ref. 34�. Each of these cyclic subspaces is generated by a
simultaneous displacement of nearest neighbors of the atoms
�in-phase or antiphase� in the direction along the straight line
joining these atoms ��1 and �8� and in the two directions
perpendicular to that straight line. Each of the six different

operators L̂0
�i� induced in these subspaces by the operator L̂0

describing the modes of the ideal crystal will suffer a pertur-
bation due to isotopic substitution which is given by expres-
sions �30�, where a0 and b0 are the first two elements of the
J matrix of the corresponding operator. Thus one can deter-
mine the values of ���� and ���� in each of the cyclic sub-
spaces �i �they are given in formulas �A1�–�A6� of the Ap-
pendix�.

In each of the cyclic subspaces �i the Green function
outside the continuum band, as is seen in Fig. 7, is well
approximated by expression �19� in which the parameters �
and � are replaced by the values ��0� and ��0� from Eqs.
�A1�–�A6�.

Substitution of the corresponding values of ���� and
���� into Eqs. �20�, �23�, and �28� gives analytical expres-
sions for the frequencies, intensities, and damping param-
eters of the local modes, also given in Eqs. �A1�–�A6�. Fig-
ure 8 shows the dependence of the frequencies and
intensities of the local modes in each of the cyclic subspaces,

calculated both according to formulas �A1�–�A6� and with
the use of the Green functions recovered from the J matrices
of rank n=50. As in the previous cases, the difference is
noticeable only in the behavior of the intensities for modes
with frequencies just slightly above �m.

The term describing the contribution of an isotopic de-
fect in the Lifshits equation is independent of the parameters
of the ideal lattice and is the same in all the cyclic
subspaces.24 Therefore for determining the thresholds for the
appearance of local modes in each of the subspaces �i one
can use relation �36� with the Green function of the ideal
lattice in the given subspace. The values of G��m� and the
threshold values of the mass defect are presented in Table II.

The maximum distance between local mode frequencies
at a fixed value of � in the different cyclic subspaces, i.e., the

difference ��l���=�l
��1����−�l

��8����, can serve as an esti-
mate of the width of the impurity band at finite impurity

FIG. 7. Frequency dependence of � for an isolated defect in the form of a
pair of adjacent impurities introduced into an ideal fcc crystal lattice with a
central interaction of nearest neighbors: the displacement �−

5 �one of the
isolated impurities is displaced in an arbitrary direction� �1�; �8 �2�; �6 �3�; �1

�4�; �7 �5�; �4 �6� �the generating vectors are given in the Appendix�.

FIG. 8. Plots of the frequencies and intensities of local modes of an isolated
pair of adjacent isotopic impurities in an fcc crystal lattice with a central
interaction of nearest neighbors versus the mass defect. The solid curves are
calculated using a J matrix of the first rank, and the curves are calculated
using a J matrix with n=60.
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concentrations c. For the case considered in this Section, an
fcc crystal lattice with a central interaction between nearest
neighbors, in the subspace generated by the displacements of
any atom, the displacements of its next-nearest neighbors do

not appear in the basis vectors h�1 ,h�2, i.e., they do not con-
tribute to the matrix elements a0 and b0 nor to the two first
moments of the spectral density. Therefore, if two isotopic
impurities are next-nearest neighbors of each other, then the
characteristics of the local modes for such a pair of impuri-
ties will be described by expressions �32�–�34�, although
there is an intersection of the sets of atoms with which each
of them interacts. Taking into account a next-nearest-
neighbor interaction or a noncentral interaction between
nearest neighbors will lift the degeneracy of the local modes,
which, as in the case of impurity atoms located next to each
other, become dependent on their mutual displacements.

For pairs of impurities which are third- and fourth-
nearest neighbors of each other, the interaction between im-
purities affects only the matrix element b0 �as in the sub-
spaces �2-�6 for a pair of adjacent impurities�. If the
impurities are fourth-nearest neighbors of each other, the in-
teraction will lead only to displacements along the line con-
necting them, and in that case the dependence on the mass
defect of the parameters � and � and, hence, of all the char-
acteristics of the local modes is identically equal to the
analogous dependence in the subspace �4 for the in-phase
displacement and in the subspace �5 for the antiphase dis-
placement �see Eqs. �A3� and �A4�, respectively, in the Ap-
pendix�.

Analytical expressions for the parameters � and � as
functions of the mass defect � and also for the existence
conditions and the main characteristics of the local modes
are given in formulas �A7�–�A13�, respectively.

C. Local modes due to light, weakly coupled impurities

In many cases, for different elements forming identical
crystal lattices �e.g., an fcc lattice� the lighter atoms have
smaller atomic radii and lattice constants �see, e.g., Table
III�. Therefore a light substitutional impurity will often be
going into a lattice with an interatomic distance � exceeding
�0, the distance corresponding to the minimum of the char-

acteristic interatomic interaction potential for the given im-
purity atom. This, as a rule, will lead to weakening of the
coupling of the impurity with its environment. Strictly speak-
ing, noncentral forces should arise, but straightforward esti-
mates �given, e.g., in Ref. 36� show that in the region of �

values in which the existence of local modes is still possible,
the noncentral forces are negligible, and the interatomic in-
teraction can be considered central.

The problem of the conditions of formation and charac-
teristics of the local modes in an fcc crystal lattice containing
impurities that differ in both mass and interatomic interaction
is considered in Ref. 24. As in the case of a light isotope, the
local modes due to a light, weakly coupled impurity arise
only in the cyclic subspace generated by the displacement of
the impurity atom itself. This subspace transforms according
to the irreducible representation �5 of the point group Oh �in
the notation of Ref. 34�.

The perturbation operator �̂ in this subspace has three
nonzero matrix elements:20,30,31

�00 =
− � + �

1 + �
a0; �01 = �1 −

1 + �

�1 + �
�b0, �01 = �

�m

8
,

�39�

and a given perturbation cannot be described in terms of the
parameters � and �. However, because the J matrix of an
ideal fcc lattice has the matrix element a1=9/16, when the
coupling force is decreased by less than half �−1/2���0�
this circumstance only improves the approximation of the
Green function by expression �19�. For a greater weakening
of the interatomic interaction the existence of local modes is
improbable, but the spectral properties can still be described
adequately using to the first two moments, since in that case
the vibrational modes will be strongly localized �see, e.g.,
Ref. 37�.

Using Eq. �39�, we can write for the parameters � and �

���,�� =
� − �

1 + �
; ���,�� =

� − ��2 + ��
�1 + ��2 . �40�

Substituting these values into �20�, �23�, and �28�, we obtain

TABLE II. Values of G00��m+0� and the threshold values of the mass defect
for an fcc lattice.

TABLE III. Atomic masses, atomic radii, and lattice constants of solidified
rare gases.35
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�41�

The evolution of the local frequencies and intensities of
the local modes with changing parameters � and � is pre-
sented in Figs. 9 and 10. As for all the cases considered in
this paper, these figures compare the results �41� with calcu-
lations using a J matrix of rank n=60. For a light, weakly
coupled impurity the agreement of the results of the two
calculations is even better than for a light isotopic impurity.

CONCLUSION

Thus the analytical expressions �20�, �23�, and �28� ob-
tained in the framework of the approximation of the spectral
density of the crystal lattice with a simply connected quasi-
continuum band according to the known first two moments
and the behavior at the ends of that band describe the char-
acteristics of the local modes due to the presence of a light
impurity �isotopic or weakly coupled� in close-packed crystal
structures to a high accuracy. The agreement will be better
the farther the local level lies from the upper edge of the
continuum band, but even near the upper boundary the
agreement can be considered entirely satisfactory. In particu-
lar, the existence conditions of the local modes is described
by expression �21� with an accuracy of 2–3%.

The applicability of these formulas for other structures
can be determined by investigating the rate of convergence

of the Green function outside the continuum band with in-
creasing rank of the corresponding J matrix, corresponding
to the approach to a spherical shape of a wave front propa-
gating in the crystal lattice from a localized source. Good
agreement of the given formulas should be expected for light
isotopic and light weakly coupled impurities not only in
close-packed but also other crystal lattices, including, in par-
ticular, those with multiatomic unit cells but having a simply
connected continuum band and also highly anisotropic lay-
ered and “chain” crystals. As to the case of strongly coupled
impurities �especially heavy ones�, in the cyclic subspaces
generated by displacements of the impurity atom itself the
aforementioned agreement can be degraded because of the
large deviation of the matrix element a1 from its asymptotic
value �connected to the third moment of the spectral den-
sity�. In those cyclic subspaces in which the impurity atom is

at rest and the rank of the perturbation operator �̂ is equal to
unity �see, e.g., Ref. 24�, one should expect good agreement
of the characteristics of the local modes with formulas �20�,
�21�, �23�, and �28�.

At finite impurity concentrations the smearing of the lo-
cal level will be due primarily to impurity configurations
characterized by a change of the first moment of the spectral
density, and in lattices with nearest-neighbor interaction—to
groups of impurity atoms for which each of the atoms is a

FIG. 9. Plot of the frequencies and intensities of the local modes versus the
mass defect for an isolated substitutional impurity in an fcc crystal lattice
with a central interaction of nearest neighbors. The interaction of the impu-
rity atom with its neighbors is weaker than the interaction in the host lattice.
Curves 1, 2, 3, 4, and 5 correspond to the values �� /�=−0.1, −0.2, −0.3,
−0.4, and −0.5. The upper curves are the local mode frequency; the lower
curves are the local mode intensity at the impurity atom itself; n=1 �solid
curves�, n=60 �points�.

FIG. 10. Change of the frequency and intensity of local modes of a light
isolated substitutional impurity in an fcc crystal lattice with a central inter-
action of nearest neighbors with weakening of the interaction of the impurity
atom with its environment; curves 1, 2, and 3 correspond to the values of
�m /m for impurities of Ar in Xe, Ar in Kr, and Kr in Xe. Upper curves—
local mode frequency; lower curves—local mode intensity at the impurity
atom itself; n=1 �solid curves�.
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nearest neighbor of the others �in the fcc lattice these are
impurity pairs and equilateral triangles and tetrahedra�. If the
frequency of the local mode is described well by formula
�20�, then such a local mode is observed in the form a sharp
peak even at finite concentrations of the impurity atoms �c
�5% �. For c�5–10% one should also observe another two
peaks, corresponding to in-phase and antiphase displace-
ments of pairs of impurity atoms.3� Upon further growth of
the concentration these peaks are smeared out, merge to-
gether, and form a vibrational impurity band.

The authors are profoundly grateful to A. M. Kosevich,
A. S. Kovalev, and E. S. Syrkin, for fruitful discussions and
valuable comments.

APPENDIX

In this Appendix we give the values of the threshold
mass defects �as arguments of � functions� and the depen-
dences of the local frequencies �l, intensities �0, and damp-
ing parameters q on the mass defect for local modes due to
various displacements of isolated pairs of light isotopic sub-
stitutional impurities which are nearest neighbors, third-
nearest neighbors, and fourth-nearest neighbors with each
other. These dependences can serve for identification of the
various local modes arising at low ��1–5% � concentrations
of impurity atoms.

Six mutually orthogonal eigen displacements of a pair of
nearest neighbors in the fcc crystal lattice and the mutually
orthogonal cyclic subspaces generated by these displace-

ments �by the generating vectors h�0 transform according to
the irreducible representations �1-�8 of the group Oh �Ref.
34�. We present below for each of these subspaces the fol-
lowing information: the index of the corresponding represen-

tation, the corresponding generating vector h�0, the values of
the matrix elements a0 and b0 of the ideal fcc crystal lattice
in those subspaces, the dependence of the parameters � and
� �18� and of the main parameters of the local mode on the
mass defect � �Eq. �16��:

�1:h�0 =
1

2��0, 0, 0

a

2
,

a

2
, 0 � 1 1 0

− 1 − 1 0�;

a0 =
5

8
; ���� =

4� − 1

5
;

b0 =
�14

16
; ���� =

8� + 1

7
;

�
�l

2 = ��m

4
�252	�	 − 17 + 7�26	�	 − 1

�1 − 	�	��8	�	 − 1�
;

�0 =
7�1 + 4	�	� + �16	�	 − 9��26	�	 − 1

2�8	�	 − 1��26	�	 − 1
��−

5

32
− ��;

q = �2
1 + 4	�	 − �26	�	 − 1

8	�	 − 1
�2

;
�
�A1�

�3:h�0 =
1

2��0, 0, 0

a

2
,

a

2
, 0 � 1 − 1 0

− 1 1 0�;

a0 =
1

2
; ���� = �;

b0 =
�14

16
; ���� =

8� + 1

7
;

�
�l

2 = ��m

4
�24�9	�	 − 2� + 7�2�9	�	 − 1�

�8	�	 − 1��1 − 	�	�
;

�0 =
14�2	�	 + �16	�	 − 9��9	�	 − 1

2�8	�	 − 1��9	�	 − 1
��−

9

32
− ��;

q = �2
4	�	 − �2�9	�	 − 1�

8	�	 − 1
�2

;
�
�A2�

�4:h�0 =
1
�2��0, 0, 0

a

2
,

a

2
, 0 �0 0 1

0 0 1�;

a0 =
1

2
; ���� = �;

b0 =
�5

8
; ���� =

4� − 1

5
;

�
�l

2 = ��m

2
�24 + 6	�	 + 5�1 + 3	�	

2�1 − 	�	��1 + 4	�	�
;

�0 =
10	�	 + �8	�	 − 3��1 + 3	�	

2�1 + 4	�	��1 + 3	�	
��−

3

16
− ��;

q = �2
2	�	 − �1 + 3	�	

1 + 4	�	
�2

;
� �A3�

�5:h�0 =
1
�2��0, 0, 0

a

2
,

a

2
, 0 �0 0 1

0 0 − 1�;

a0 =
1

2
; ���� = �;

b0 =
�3

8
; ���� =

4� + 1

3
;
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�
�l

2 = ��m

2
�22�5	�	 − 2� + 3�5	�	 − 1

2�1 − 	�	��4	�	 − 1�
;

�0 =
6	�	 + �8	�	 − 5��5	�	 − 1

2�4	�	 − 1��5	�	 − 1
��−

5

16
− ��;

q = �2
2	�	 − �5	�	 − 1

4	�	 − 1
�2

;
� �A4�

�6:h�0 =
1

2��0, 0, 0

a

2
,

a

2
, 0 �1 − 1 0

1 − 1 0�;

a0 =
1

2
; ���� = �;

b0 =
3�2

16
; ���� =

8� − 1

9
;

�
�l

2 = ��m

4
�24�1 + 7	�	� + 9�2�1 + 7	�	�

�1 − 	�	��1 + 8	�	�
;

�0 =
36	�	 + �16	�	 − 7��2�1 + 7	�	�

2�1 + 8	�	��2�1 + 7	�	�
��−

7

32
− �� ; Oh

q = �2
4	�	 − �2�1 + 7	�	�

1 + 8	�	
�2

;
�
�A5�

�8:h0 =
1

2��0, 0, 0

a

2
,

a

2
, 0 �1 1 0

1 1 0�;

a0 =
3

8
; ���� =

4� + 1

3
;

b0 =
�10

16
; ���� =

8� + 3

5
;

�
�l

2 = ��m

4
�228	�	 + 13 + 5�14	�	 − 5

�1 − 	�	��8	�	 − 3�
;

�0 =
5�4	�	 − 1� + �16	�	 − 11��14	�	 − 5

2�8	�	 − 3��14	�	 − 5
��−

15

32
− ��;

q = �2
�1 − 4	�	 + �14	�	 − 5�

8	�	 − 3
�2

.
�

�A6�

For the case of the fcc crystal lattice with a central interac-
tion between nearest neighbors in the subspace generated by
displacement of each atom, the next-nearest neighbors do not
contribute to the matrix elements a0 and b0 nor to the two
first moments of the spectral density. Therefore, if two iso-
topic impurities are next-nearest neighbors of each other,
then the characteristics of the local modes for each pair of
impurities will be described by expressions �32�–�34�, even
though there is an intersection of the sets of atoms with
which each of them interacts.

Below we present the generating vectors and the depen-
dence on � of the main characteristics of the local modes for
different mutually orthogonal displacements of the isolated
pairs of isotopic impurities that are third- and fourth-nearest
neighbors of each other:

h�0 =
1

2�3��0, 0, 0

a

2
,

a

2
, a �1 1 2

1 1 2�;

a0 =
1

2
; ���� = �;

b0 =
�19

16
; ���� =

16� − 3

19
;

�
�l

2 = ��m

4
�24�13	�	 + 6� + 19�13	�	 + 3

�1 − 	�	��16	�	 + 3�
;

�0 =
76	�	 + �32	�	 − 13��13	�	 + 3

2�16	�	 + 3��13	�	 + 3
��−

13

64
− ��;

q = �4
4	�	 − �13	�	 + 3

16	�	 + 3
�2

;
�
�A7�

h�0 =
1

2�3��0, 0, a

a

2
,

a

2
, a � 1 1 2

− 1 − 1 − 2�;

a0 =
1

2
; ���� = �;

b0 =
�13

16
; ���� =

16� + 3

13
;

�
�l

2 = ��m

4
�24�19	�	 − 6� + 13�19	�	 − 3

�1 − 	�	��16	�	 − 3�
;

�0 =
52	�	 + �32	�	 − 19��19	�	 − 3

2�16	�	 − 3��19	�	 − 3
��−

19

64
− ��;

q = �4
4	�	 − �19	�	 − 3

16	�	 − 3
�2

;
�
�A8�

h�0 =
1

2�3��0, 0, 0

a

2
,

a

2
, a �1 − 1 0

1 − 1 0�;

a0 =
1

2
; ���� = �;

b0 =
�17

16
; ���� =

16� − 1

17
;
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�
�l

2 = ��m

4
�24�15	�	 + 2� + 17�15	�	 + 1

�1 − 	�	��16	�	 + 1�
;

�0 =
68	�	 + �32	�	 − 15��15	�	 + 1

2�16	�	 + 1��15	�	 + 1
��−

15

64
− ��;

q = �4
4	�	 − �15	�	 + 1

16	�	 + 1
�2

;
�
�A9�

h�0 =
1

2�3��0, 0, a

a

2
,

a

2
, a � 1 − 1 0

− 1 1 0�;

a0 =
1

2
; ���� = �;

b0 =
�15

16
; ���� =

16� + 1

15
;

�
�l

2 = ��m

4
�24�17	�	 − 2� + 15�17	�	 − 1

�1 − 	�	��16	�	 − 1�
;

�0 =
60	�	 + �32	�	 − 17��17	�	 − 1

2�16	�	 − 1��17	�	 − 1
��−

17

64
− ��;

q = �4
4	�	 − �17	�	 − 1

16	�	 − 1
�2

;
�

�A10�

h�0 =
1

2�3��0, 0, 0

a

2
,

a

2
, a � 1 1 − 1

±1 ±1 �1�;

a0 =
1

2
;

b0 =
1

4
;

���� = ���� = �; �A11�

the quantities �l
2, �0, and q are determined by expressions

�32�–�34�, respectively.

h�0 =
1

2
��0, 0, 0

a , a , 0
�1 1 0

1 1 0
�;

a0 =
1

2
; ���� = �;

b0 =
�3

8
; ���� =

4� − 1

5
; �A12�

the quantities �l
2, �0, and q are determined by expressions

�A3�

h0 =
1

2
��0, 0, 0

a , a , 0
� 1 1 0

− 1 − 1 0
�;

a0 =
1

2
; ���� = �;

b0 =
�5

8
; ���� =

4� + 1

5
; �A13�

the quantities �l
2, �0, and q are determined by expressed

�A4�.
In all cases for �=�* the values �l=�m, �0=0, and q

=1, while for �→−1 one has �l→�, �0→1, and q→0.

a�E-mail: kotlyar@ilt.kharkov.ua
1�The vectors of space H will be denoted by arrows over the corresponding

symbols, as distinct from the usual three-dimensional vectors which are
denoted by boldface symbols.

2�Both of these metals have an fcc crystal lattice, with lattice constants of
�4.04 Å for Al and �4.08 Å for Ag.19

3�In the case of insufficient power of the defect the local frequency corre-
sponding to the in-phase displacements may remain inside the continuum
band.
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