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Classical mechanics approach applied to
analysis of genetic oscillators

Anastasiia Vasylchenkova, Miha Mraz, Member, IEEE, Nikolaj Zimic, Member, IEEE, and Miha Moškon
E-mail: miha.moskon@fri.uni-lj.si

Abstract—Biological oscillators present a fundamental part of several regulatory mechanisms that control the response of various
biological systems. Several analytical approaches for their analysis have been reported recently. They are, however, limited to only
specific oscillator topologies and/or to giving only qualitative answers, i.e., is the dynamics of an oscillator given the parameter space
oscillatory or not. Here we present a general analytical approach that can be applied to the analysis of biological oscillators. It relies on
the projection of biological systems to classical mechanics systems. The approach is able to provide us with relatively accurate results
in the meaning of type of behaviour system reflects (i.e. oscillatory or not) and periods of potential oscillations without the necessity to
conduct expensive numerical simulations. We demonstrate and verify the proposed approach on three different implementations of
amplified negative feedback oscillator.

Index Terms—Oscillatory Dynamics, Genetic Oscillators, Ordinary Differential Equations, Dynamical Systems.

F

1 INTRODUCTION

ANALYSIS of biological oscillators is important in context
of natural as well as synthetic biological systems.

In-silico investigation of behaviour of different synthetic
topologies that reflect oscillatory behaviour in certain condi-
tions is able to guide the implementation of biological sys-
tems with desired functionality [1], [2]. Analysis of natural
oscillators is, on the other hand, important for understand-
ing of underlying mechanisms that regulate several cellular
responses, such as circadian clocks or cell cycle oscillators
[3], [4].

Genetic oscillator analyses have been a subject of in-
depth investigation recently following the first successful
in vivo implementation of the repressilator circuit [5]. The
repressilator and its generalized models were thoroughly
analysed by different authors [6], [7], [8]. Comparative anal-
ysis of design principles in biochemical oscillators, oscillator
topologies or only variations in their implementations have
also been performed by several researchers [1], [2], [9],
[10]. The most straightforward approach to the quantitative
analysis of oscillatory behaviour used in existent studies
is to perform numerical simulations on different oscillator
models, and analyse the time evolution of observed chem-
ical species in dependence on chemical kinetic rates and
initial conditions (for example see [10]). However, main dis-
advantages of this approach are in inherent expensiveness
of numerical simulations and additionally in dependence on
initial conditions, i.e. on initial species concentrations.

Another strategy is to use various analytical approaches
which do not rely on repetitive iterations of expensive
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numerical simulations. These are in most cases limited to
only specific systems and/or bifurcation types. For example,
search for the existence of stable limit cycles can be per-
formed analytically. It is very difficult to determine whether
the equations that describe the system will reflect oscillatory
behaviour or not in general [11]. In some cases, however,
it is possible to determine parameter ranges for which the
system exhibits oscillatory behaviour. Repressilator topol-
ogy, for example, only exhibits Hopf bifurcation and can
be analysed thoroughly with the linearisation of its model
and investigation of the eigenvalues of the linearised system
[5], [6]. It is also possible to evaluate oscillation periods
near the bifurcation points when oscillations emerge from a
supercritical Hopf bifurcation. If other types of bifurcations
occur, or if we are interested in the dynamics far from
bifurcation points, other methods need to be applied.

Existing analytical approaches mostly allow us to only
perform the qualitative analysis, e.g., see [12]. Some efforts
have been made recently to also obtain the quantitative in-
formation of oscillatory response. Analytical approximation
of oscillation frequency and period derived specifically for
two different oscillator topologies, i.e. circadian oscillator
model according to [13] and repressilator model according
to [5], has been reported [14]. Authors show that the oscilla-
tion frequency and period can be approximated with a sat-
isfactory accuracy with analytical investigation of ordinary
differential equations describing the system’s dynamics. Ap-
proach presented is, however, limited to only two different
topologies. In [15] authors present an analytical method that
can be applied to a genetic oscillator with negative feedback
ring topology, i.e. a more generalized model which can also
describe the Goodwin oscillator and repressilator [5], [16].
This again presents a limitation because the method cannot
be straightforwardly applied to more general topologies
which also include positive feedbacks. Positive feedback
loops, however, increase the chances of obtaining oscilla-
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tions [17], [18], [19], allow the tunability of the oscillation
periods [20], and also introduce a certain degree of non-
linearity in the system [21]. Moreover, approaches described
in [14] and [15] rely on the approximation of a promoter
activity with a Boolean variable having two possible values,
i.e. zero (not active) and one (active). Promoter dynamics
is thus approximated with a unit step function, which
yields active promoter when activator threshold concen-
tration value is exceeded by activators, and/or repressor
threshold concentration value is not exceeded by repressors
at the same time. This presumption is valid only for a very
limited scope of biological systems, i.e. for promoters that
exhibit highly nonlinear response, and is also unable to
differ among certain promoter implementations, e.g., com-
petitive versus non-competitive transcription factor binding
(see Supplementary material).

Here we present a more general analytical approach,
which can be applied to an arbitrary oscillator topology. It
relies on the projection of the model describing the dynam-
ics of a biological system to a classical mechanics system.
The projected system can be analysed further on with classi-
cal mechanics theory. Described approach is able to provide
us with the type of behaviour system reflects (oscillatory
or stationary) and periods of potential oscillation without
the necessity to conduct expensive numerical simulations.
This allows us to perform the analysis more efficiently
and with less computational effort than with conventional
modelling and analysis methodologies. The advantages of
proposed methodology become evident especially when we
are interested in the dynamics of the system in dependence
on a vast range of parameter values, e.g., when conducting
local or global sensitivity analysis [22], parameter sweep
analysis, or when exact parameter values are unknown. In
the latter case, e.g., we need to investigate the dynamics of
the system using a large scope of different parameter val-
ues surrounding presumed nominal parameter estimates.
The methodology can be as such efficiently applied to the
process of design of novel genetic oscillators and also to
the understanding of existing ones, e.g., in the context of
their sensitivity to environmental changes. Even though we
focus our attention to genetic oscillators only, the proposed
methodology can also be used to analyse other types of
biological or chemical oscillators or even dynamical systems
in general.

The rest of the paper is organized in the following way.
First we introduce and describe the proposed application
of classical mechanics to biological systems in details. We
demonstrate the methodology on three different amplified
negative feedback oscillator models derived from [10]. We
verify the proposed approach with the comparison per-
formed on the results obtained with numerical simulations.
We conclude the paper with the discussion about the ad-
vantages and drawbacks, and give some concrete biological
applications and possible future improvements of proposed
approach.

2 METHODS

2.1 Biological systems as dynamical systems
One of the most common approaches for modelling the
dynamics of biological systems, especially gene regulatory

networks, is deterministic modelling. In this case models
are established on the basis of a system of coupled ordinary
differential equations (ODEs) [23], [24], which approximate
an average response of the network deterministically [25].
These equations describe the dynamics of each observed
chemical species in the following way:

dxi
dt

= fi(x(t),p), (1)

where fi is a (usually non-linear) function governing the
dynamics of chemical species xi (i ∈ {1, 2, ..., n}) in de-
pendence on the state of the system in time step t, i.e.
x(t) = (x1(t), x2(t), ..., xn(t)) and in dependence on model
parameters p = (p1, p2, ...). These equations can be estab-
lished with the basic mass action kinetics, and can be further
simplified using, e.g., Michaelis-Menten equations to ap-
proximate enzymatic reactions or Hill equations to describe
gene expression [26]. These can be additionally generalized
with fractional occupancy [27] or thermodynamic modelling
approach [28]. Due to the nonlinearity of ODEs, their solu-
tions are usually obtained with numerical integration. The
main problems of this approach are in dependence on initial
conditions and in its computational expensiveness. Compu-
tational expensiveness presents a major obstacle especially
when parameter values are only partially known, or when
we are interested in the stability of system’s reponse in
dependence on parameter perturbations. In these two cases
large amount of simulations needs to be performed in order
to obtain response of the system to a vast range of different
parameter values. Analytical approaches that approximate
the phenotype behind the ODE description of the system
without the necessity to conduct expensive numerical sim-
ulations have already been proposed for certain biological
system (e.g., see [14], [15] for selected genetic oscillators).
State-of-the-art approaches, however, lack generality while
they can be applied straightforwardly to only selected
network topologies, and also make certain presumptions
that additionally limit the scope of their usability (e.g.,
using unit step function to approximate promoter activity
- see Supplementary material). We introduce a more general
approach that can be applied to an arbitrary biological
oscillator topology to analytically determine its qualitative
and quantitative response.

2.2 Oscillatory behaviour in classical mechanics
Classical mechanics defines oscillatory behaviour as peri-
odic changes in body position within the observed space.
It occurs in the neighbourhood of some stable position,
i.e. equilibrium point (EP), in which either no forces act on
the body, or all the forces are compensated. Oscillatory
behaviour occurs if small perturbation from EP causes the
occurrence of the force in the direction of EP, i.e. returning
force [29]. Let’s consider a 1-dimensional mechanical system
along unique coordinate axis x. In this case all vector quan-
tities (such as force) can be used in terms of their projection.
If direction of vector coincides with direction of axes, this
vector has a positive projection, otherwise a negative one.

Equations describing the motion are usually given in
specific forms. Solutions of these equations can be inter-
preted as the positions of body in motion in dependence
on time. This motion is caused by the forces that result in
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the body acceleration, and can be expressed as the second
time derivative of the body position:

a = ẍ. (2)

Equations describing the motion in classical mechanics are
therefore usually given in the form of the second order dif-
ferential equations. Since force F is a function of coordinate
x in a 1-dimensional system, EPs (i.e. x0) can be determined
with the solutions of the equation F (x0) = 0. We can
conduct the analysis of the system in the neighbourhood
of the EP with the Taylor series expansion:

F (x) ≈ F (x0) + (x− x0)
dF

dx

∣∣∣∣
x=x0

+ ... (3)

Zero-order term equals zero as long as x0 is an EP. Higher-
order terms can be neglected in the close proximity of the EP.
The dynamics in the neighbourhood of the EP is therefore
defined by the first order terms only. Their positive values
indicate the force directed from the EP. On the contrary,
their negative values indicate the existence of the returning
force that presents a necessary condition for the oscillatory
behaviour. Let’s define k as an absolute value of first-order
derivative of F in EP:

k =

∣∣∣∣∣ dFdx
∣∣∣∣
x=x0

∣∣∣∣∣ , (4)

which equals

k = − dF

dx

∣∣∣∣
x=x0

(5)

in the case of the returning force around the EP. The substi-
tution of Eq. (5) and equation F = ma, wherem presents the
body mass, to Eqs. (2) and (3) yields the following equation

mẍ = −k(x− x0), (6)

which can be rewritten as

ẍ = −ω2x. (7)

Here ω2 = k
m . It is important to note that ω can be inter-

preted as the circular frequency of oscillations. The equation
can be used to express the period of oscillations

T =
2π

ω
= 2π

√
m

k
(8)

as a well-known formula for period of spring pendulum,
where k can be interpreted as an elastic coefficient of the
spring.

Another approach to determine the motion is to use
potential energy function, i.e. a function of coordinates
(U = U(x, y) in 2D-case) linked with the forces acting on
the system by the following relations:

Fx = mẍ = −∂U
∂x

,

Fy = mÿ = −∂U
∂y

. (9)

Potential energy can be visualized as a surface with some
relief, on which the system can move. Minimums of the
relief present the points of stable equilibrium

U(x, y)− min in x0, y0 ≡
U ′x = 0 and U ′y = 0 ≡

Fx = Fy = 0. (10)

The potential energy has the following form

U(x, y) =
a(x− x0)2

2
+
b(y − y0)2

2
. (11)

for a simple oscillator. Partial derivation of this formula
leads to expression of forces in the form of Equation (6).
In this expression a and b can be interpreted as the squares
of circular frequencies ω2

x and ω2
y (presuming that m equals

1), from which period can be calculated by Equation (8).
Naturally, a and b are positive parameters.

System with such form of potential energy function is
called a harmonic oscillator. It presents the simplest system
which may exhibit oscillatory behaviour, and may be used
to approximate different oscillators. We also use such ide-
alized model as an approximation of our original system.
The approximation, however, cannot be performed when
no EPs exist. In that case we can immediately deduce that
the behaviour of the system is not oscillatory (cases with
negative EPs can also be eliminated in the case of biological
systems while the concentrations should always be non-
negative). Further on, we observe the potential energy of an
approximated system, which presents a necessary condition
for oscillations to occur. In case the energy is not conserved
or when potential energy function cannot be expressed, the
system will exhibit damped or no oscillation at all (see
Sect. 2.3 for further details).

2.3 Classical mechanics in dynamical systems

Dynamical systems can be in general described with the
system of first order differential equations (ODEs), which
include variables that may have different interpretation. In
physics, these equations describe mechanical motion, where
variables are interpreted as coordinates of body position.
In biological systems, these variables usually describe the
dynamics of observed chemical species (see Sect. 2.1). Our
methodology relies on the approximation of system’s po-
tential energy function, which can be performed for an
arbitrary oscillatory dynamical system with the calculation
of first integral. It therefore does not depend on the back-
ground behind the ODE system. Here, however, we focus to
the analysis of biological oscillators.

Let’s presume we are observing the biological system
which is comprised of only two chemical species. The dy-
namics of this system can be described with the following
set of equations

ẋ = f(x, y,p) = f,

ẏ = g(x, y,p) = g. (12)

The time derivation of these equations brings them to the
form of the Equation (7)

ẍ = f ′xẋ+ f ′y ẏ,

ÿ = g′xẋ+ g′y ẏ. (13)

According to Leibniz rule, we obtain

ẍ = f ′xf + f ′yg ≡ f̃(x, y),

ÿ = g′xf + g′yg ≡ g̃(x, y). (14)
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These equations can be expanded in the Taylor series. Only
first order terms need to be regarded here (zero order terms
equal 0 in the EPs and higher order terms can be neglected):

ẍ =
∂f̃

∂x
|x0,y0(x− x0) +

∂f̃

∂y
|x0,y0(y − y0)

≡ a(x− x0) + b(y − y0),

ÿ =
∂g̃

∂x
|x0,y0(x− x0) +

∂g̃

∂y
|x0,y0(y − y0)

≡ c(x− x0) + d(y − y0). (15)

Potential energy for such equations system exists if b = c
because

∂2U

∂x∂y
=

∂2U

∂y∂x
. (16)

If this condition is not satisfied, the potential energy func-
tion does not exist, and the behaviour of the simplified
system cannot be oscillatory. Otherwise the potential energy
has the following form

U(x, y) = −a(x− x0)2

2
− b(x− x0)(y − y0)− d(y − y0)2

2
.

(17)
As bilinear form, this function can be diagonalized by
rotation of coordinate system. This operation is performed
by the calculation of eigenvalues of bilinear form matrix:

U(u, v) =
λ1(u− u0)2

2
+
λ2(v − v0)2

2
, (18)

where u and v present the new coordinates after rotation,
and λ1,2 present the eigenvalues of potential energy matrix,
which can be interpreted as the squares of circular frequen-
cies of oscillations modes along new axes.

It is possible for the calculated circular frequencies to
have non-zero imaginary parts, which consequences in the
absorption of energy and damped oscillations. However,
oscillatory behaviour can be achieved also with non-zero
imaginary parts, which should be substantially smaller than
real parts. Maximal threshold determining the ratio between
imaginary and real parts of circular frequencies, for which
oscillatory behaviour is still observed needs to be evaluated.
Threshold value that we use in the analysis should minimize
the errors of our approach in comparison to a credible
source of data, e.g., numerical simulations, on a testing set
of parameter values. The process of its estimation for the
purpose of our case study is described in the Supplementary
material. The same value can be used on all three models
or even in a general case. One can alternatively determine
specific threshold values that are optimal for a given model
to obtain more accurate results. Real parts of obtained
circular frequencies should be positive numbers at the same
time, due to their biological interpretation.

Obtained values of circular frequencies can thus be used
to determine the type of behaviour the system reflects
(oscillatory or not), and to determine the periods of potential
oscillations. Oscillation periods can be estimated in the fol-
lowing way. Two oscillation modes exist in a 2-dimensional
system. Their periods can be expressed as

T1,2 =
2π√
λ1,2

. (19)

It is possible to obtain different values of periods for each
oscillation mode (i.e., in the case when real parts of obtained
eigenvalues are different). These can be used to calculate
a single true value of oscillation periods which is exper-
imentally observed, and which presents a minimal time
interval needed for the system to periodically return to
a state that was already reached before. Composition of
oscillations along two orthogonal axes can be visualized,
and this visualization is known as Lissajous curves [30]. Let’s
presume that oscillations happen with equal frequencies,
i.e. both oscillation modes (both dimensions) have the same
oscillation periods, and that the point is in equilibrium state
along one axis (x) and maximally deflected along another
one (y) at the same time. In quarter of period, coordinate
x reaches the maximal amplitude value, and coordinate y
returns to zero. Coordinate y continues decreasing up to
maximal negative deflection. At the same time, coordinate x
changes back to zero. Observed point therefore draws a cir-
cle on the coordinate plane. In general the Lissajous curves
are closed curves if frequency ratios are rational numbers.
Mathematically this means that some finite time interval
exists in which the state vector periodically returns back to
a state that was already reached before. This time interval
presents the oscillation period of the system. Periods of
oscillation, either observed on a point of mass or on a set of
biological chemical species, can be therefore calculated as a
Least Common Multiplier (LCM) of periods along separate
axis defined in the following way:

T = LCM(T1, T2)|T, T1, T2 ∈ R, if
T

T1
,
T

T2
∈ N. (20)

Here, oscillation periods of the system and oscillation pe-
riods of each of its dimensions are in general non-integer
numbers. However, the definition requires that the ratios
among them are integers.LCM of two rational numbers can
also be obtained in the following, more convenient, way:

LCM(T1, T2) =
LCM(m1,m2)

GCF (n1, n2)
, (21)

where T1 = m1/n1 and T2 = m2/n2 and GCF presents
the greatest common factor of its arguments (see Supple-
mentary material for further details about the calculation
of the LCM of two non-integer numbers). This brings us
to the last step of proposed methodology. In order to find
true, observed periods of oscillation, LCM of periods along
separate axes (i.e. periods of different modes) found in
previous steps should be calculated.

Even though we described the proposed methodology
on a two-dimensional system only, it can be applied to
a system with more dimensions in the same way. In this
case the number of oscillation modes equals the number of
equations describing the system’s dynamics. The oscillation
periods are thus expressed with the LCM of periods of all
modes.

3 RESULTS

3.1 Case study
The case study will be performed on an amplified negative
feedback oscillator, which presents a very general topology
including both positive and negative feedbacks. While this
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topology has already been studied extensively, some of its
variations have also been constructed experimentally (for
example see [17] and [31]). Our analysis will be performed
on selected implementations described in [10], namely two
variations of Design I (see Fig. 1(a) and Fig. 1(b)) and one
variation of Design III (see Fig. 1(c)). We only give a brief
description of the models in the main text. More accurate
derivation of these models accompanied with the nominal
parameter values is included in Supplementary material of
the manuscript (see also references [2] and [10]).

Design I implementation presumes that regulation of
the activator protein is achieved through the competition
between the activator and repressor at the activator’s pro-
moter. The implementation can be described with the model

dx

dτ
= ∆

(
β

1 + αxn

1 + xn + σym
− x

)
, (22)

dy

dτ
= ∆γ

1 + αxn

1 + xn
− y,

where x and y are non-dimensional variables associated to
the activator and repressor, α presents the transcriptional
synergy of activated promoter, β and γ present the non-
dimensional strength of the transcription and translation
for the activator and repressor, σ presents the binding ratio
of repressor compared to activator, n and m present the
Hill coefficients of activator and repressor, ∆ presents the
ratio between the activator’s and repressor’s degradation
rates, and τ presents a non-dimensional time variable (see
Supplementary material).

A variation of Design I (Design I.1) presumes additional
positive feedback with the autocatalysis on the repressor.
This implementation is also known as Smolen oscillator [1],
[32]. It can be described with the model

dx

dτ
= ∆

(
β

1 + αxn

1 + xn + σym
− x

)
, (23)

dy

dτ
= ∆γ

1 + αxn

1 + xn + σym
− y.

Here, the parameters have the same interpretation as in
Design I.

Design III presumes specific inhibition, where activator
and repressor bind to their designated binding sites, i.e. both
binding sites at the activator’s promoter can be occupied at
the same time. It can be described with the model

dx

dτ
= ∆

(
β

1 + αxn

(1 + xn) (1 + σym)
− x

)
, (24)

dy

dτ
= ∆γ

1 + αxn

1 + xn
− y,

where the parameters have the same interpretation as in
Design I.

3.2 Analysis description
The analysis using the proposed methodology is performed
in two steps. In the first step we determine the coordinates
of EPs from the numerical solutions of

dx

dτ
= 0,

dy

dτ
= 0. (25)

In the second step we construct a potential energy matrix[
−a −b
−c −d

]
,

which is obtained with the derivations of initial ODE sys-
tem dx

dτ and dy
dτ (see Equation (15)). First we examine the

symmetry of the potential energy matrix (i.e. we check
the condition b = c). If the condition is not satisfied,
the behaviour of the system is identified to be stationary.
Otherwise we further calculate the eigenvalues of potential
energy matrix (λ1 and λ2), which present the squares of
circular frequencies of two oscillation modes. Oscillatory be-
haviour is obtained only if the complex parts of these values
are substantially small (see Sect. Evaluating the threshold
values in Supplementary material). In this case periods of
both oscillation modes can be expressed with the equation
T1,2 = 2π/Re(λ1,2). Finally, oscillation period is calculated
as the LCM of periods of both modes.

Numerical analysis was performed additionally to verify
the results of proposed methodology. It was conducted with
the numerical integration of ODEs described in Sect. 3.1. The
oscillatory behaviour was analysed on the time evolution
of observed proteins’ concentrations. In order to disregard
the initial transient effects the signal was analysed from
the second half of the simulation time onwards. Simulation
time was sufficiently long for the transient effects to die
out in each analysed scenario. The analysis was performed
with the localization of the signal peaks and comparison of
time delays between the peaks. If time delays were regular
enough, the dynamics of the signal was treated as periodic.

Most of the calculations were performed with MAT-
LAB. Numerical integration and the analysis of the re-
sults obtained with the integration were performed with
GNU C Compiler (gcc) and GNU Scientific Library (GSL)
[33]. Numerical analysis was based on the improved code
provided in the Supplementary material of [10]. All the
code used in this paper is available at http://lrss.fri.uni-
lj.si/bio/material/oscmech.zip under the Creative Com-
mons Attribution license.

3.3 Results
The analysis was performed on above described imple-
mentations of amplified negative feedback oscillator in de-
pendence on parameters β and γ as shown in Figs. 2-4.
Here, the periods of oscillations are presented in logarithmic
scales. In each figure sub-figure (a) corresponds to classical
mechanics method and sub-figure (b) to results obtained
with numerical simulations.

Dependence of periods on parameters β and γ for De-
sign I is presented in Fig. 2. Values of other parameters are
α = 50, ∆ = 10, σ = 1, n = 2 and m = 2. In Design I.1
oscillations occur for extended range of parameters β and
γ. The results of the analysis are presented in Fig. 3). Values
of other parameters are α = 50 and ∆ = 4, σ = 1, n = 2
and m = 2. The model of Design III also exhibits oscillatory
behaviour for a larger range of parameters β and γ than
Design I as can be seen in Fig. 4. Values of other parameters
are α = 50, ∆ = 1, σ = 1, n = 3 and m = 2.

http://lrss.fri.uni-lj.si/bio/material/oscmech.zip
http://lrss.fri.uni-lj.si/bio/material/oscmech.zip
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(a) (b) (c)

Fig. 1. Three different implementations of the amplified negative feedback oscillator that will be analysed, i.e. implementation with competitive
binding of repressor and activator at the activator promoter, namely Design I (a), a variation of Design I with competitive binding of repressor and
activator at the repressor promoter also, namely Design I.1 (b) and implementation without competition on either of promoters, namely Design III
(c). Differences between the designs are emphasized.

(a) (b)

Fig. 2. Periods of oscillations in the model of Design I according to classical mechanics method (a) and numerical method (b), where α = 50,
∆ = 10, σ = 1, n = 2 and m = 2. White colour denotes stationary behaviour.

4 CONCLUSION

Existing analytical methods are in general cases capable
of answering the qualitative questions only, i.e., given the
parameter values is the behaviour of the system under
study oscillatory or not. Recently, several analytical methods
for quantitative analysis have been developed which can
be, however, applied only to limited oscillator topologies,
and have a very limited biological relevance due to the
rough approximations they make in the process of model
simplification. We introduced a general analytical method
that is capable to respond with the qualitative and quanti-
tative answer with an estimation of oscillation periods. We
described a classical mechanics approach that can be used
for the analysis of the oscillatory behaviour in biological
oscillators modelled with the system of ordinary differential
equations. Proposed approach is based on the transforma-
tion of an oscillator’s model to a classical mechanics system,
more precisely to a harmonic oscillator. The methodology
was established to analyse the transformed system from
the qualitative, i.e., is the behaviour oscillatory or static, as

well as from the quantitative perspective, i.e., what are the
periods of observed oscillations. The approach was verified
on three different implementations of the amplified negative
feedback oscillator.

Proposed method is numerically stable while all mathe-
matical operations performed in the analysis transform con-
tinuous functions to continuous functions (except deriva-
tion, which transforms smooth functions to continuous
functions). This means that there is not any cause for di-
vergence or instabilities related to parameters fluctuations if
initial ODEs are smooth enough, which is always the case
in the models in our focus.

Even though relatively accurate approximations of oscil-
latory behaviour were obtained with the proposed method-
ology, there is still some space for improvements. First of all
we need to have in mind that albeit numerical simulations
are treated as a reliable source, they may still produce
some errors. Accuracy of the results of numerical analysis
in [10], which was also adapted to our analysis, depends on
choice of appropriate amplitude fluctuation, which is chosen
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(a) (b)

Fig. 3. Periods of oscillations in the model of Design I.1. according to classical mechanics method (a) and numerical method (b), where α = 50,
∆ = 4, σ = 1, n = 2 and m = 2. White colour denotes stationary behaviour.

(a) (b)

Fig. 4. Periods of oscillations in the model of Design III according to classical mechanics method (a) and numerical method (b), where α = 50,
∆ = 1, σ = 1, n = 3 and m = 2. White colour denotes stationary behaviour.

manually (according to supplementary code in [10] minimal
amplitude equals 10−5). It is possible that smaller values
would lead to the expansion of oscillatory regions. On the
other hand, our approach may also introduce some errors
in the characterisation of oscillatory behaviour due to the
linearisation of a non-linear dynamical system.

Oscillatory behaviour is, however, also characterized by
oscillation amplitudes, which are unfortunately not possible
to estimate with the proposed method. Oscillation ampli-
tudes can be, on the other hand, determined with numerical
simulations. These can be conducted in a combination with
proposed method, which can drastically reduce the parame-
ter space on which numerical simulations are performed (i.e.
simulations need to be performed only for parameter values
that result in oscillatory behaviour with certain oscillation
periods).

We end this discussion with some concrete biological
applications of proposed methodology. These can be found
in synthetic biology, i.e. for guiding the design of novel

biological oscillators, as well as in systems biology, i.e. for
the analysis of existing biological oscillators. For example,
one can apply the proposed methodology to efficiently
analyse different oscillator topologies before their experi-
mental implementation. Methodology is able to efficiently
identify the most robust topologies that also reflect desired
oscillation periods (in our case the most robust topology,
i.e. the one with the largest oscillatory region, is Design I.1).
Moreover, analysis conducted with proposed methodology
can guide the experimentalist to choose the components
(e.g., promoters, ribosome binding sites, protein coding se-
quences, etc.) with kinetic properties that match the param-
eter values for which the desired behaviour is obtained. Last
but not least, methodology can be applied in the analysis of
existing biological oscillators. For example, it can be used
as a method behind the parameter estimation techniques to
efficiently tune the modelled dynamics with experimental
results describing the time-course of concentrations of oscil-
latory species in the system under study.
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1 Models derivation

All the models described presume that the protein binding and mRNA dynamics
are much faster than the protein translation and degradation and were obtained
in the same way as described in [1, 2]. We give a more detailed derivation of
these models in the following sections.

1.1 Design I

Design I presents the topology, in which activator and repressor compete for
the same binding sites on the activator promoter. They bind to the promoter
in multimerised form and multimerisation can be considered as a single step
reaction with the Hill aproximation. Binding and multimerisation reactions can
be thus described as follows:

PR +An
k1


k−1

PRAn,

PA +Rm
k2


k−2

PARm,

PA +An
k3


k−3

PAAn.

1



mR
k5


k−5

Rm,

nA
k6


k−6

An,

Here R represents repressor protein, Rm repressor multimer, A activator protein,
An activator multimer, PR repressor promoter, PRAn activated repressor pro-
moter, PA activator promoter, PARm repressed activator promoter and PAAn
activated activator promoter.

Transcription, translation and degradation reactions can be described in the
following way:

PR
βR→PR +mR,

PRAn
αβR→ PRAn +mR,

PA
βA→PA +mA,

PAAn
αβA→ PAAn +mA,

mR
γR→mR +R,

mA
γA→mA +A,

mR
αR→0,

mA
αA→0,

R
δR→0,

A
δA→0.

Here mR represents repressor mRNA and mA represents activator mRNA.
Since binding and multimerisation reactions occur in a much faster timescale

than transcription, translation and degradation, they can be assumed to be in
equilibrium.

Repressor promoter can be in two different states in Design I topology, i.e.
unoccupied (PR) or activated (PRAn). Weights of these states can be expressed
in the following way:

W (PR) = 1,

W (PRAn) = K1KAA
n,

where A denotes the concentration of activator protein, K1 = k1
k−1

and KA =
k6
k−6

.

Probability of each promoter state can be calculated with the fractional
occupancy approach [3] applying the weights in the following equation:

p(si) =
W (si)
k∑
j=1

W (sj)

,
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where k is the number of all possible states. In our case probabilities are

p(PR) =
1

1 +K1KAAn
,

p(PRAn) =
K1KAA

n

1 +K1KAAn
.

The rate of repressor mRNA transcription thus equals

PTRβR
1 + αK1KAA

n

1 +K1KAAn
,

where PTR is the total concentration of repressor promoter.
Transcription rate of activator mRNA can be expressed in a similar way.

Activator promoter can be in three different states in Design I topology, i.e.
unoccupied (PA), repressed (PARm) or activated (PAAn). Weights of these
states can be expressed as

W (PA) = 1,

W (PARm) = K2KRR
m,

W (PAAn) = K3KAA
n,

where R denotes the concentration of repressor protein, K2 = k2
k−2

, K3 = k3
k−3

and KR = k5
k−5

. State probabilities are thus

p(PA) =
1

1 +K2KRRm +K3KAAn
,

p(PARm) =
K2KRR

m

1 +K2KRRm +K3KAAn
,

p(PAAn) =
K3KAA

n

1 +K2KRRm +K3KAAn

and transcription rate of activator mRNA

PTAβA
1 + αK3KAA

n

1 +K2KRRm +K3KAAn
,

where PTA is the total concentration of activator promoter.
Combining the transcription rates with the mRNA degradation yields the

following differential equations governing the dynamics of mRNA species:

dmR

dt
= βRP

T
R

1 + αK1KAA
n

1 +K1KAAn
− αRmR,

dmA

dt
= βAP

T
A

1 + αK3KAA
n

1 +K2KRRm +K3KAAn
− αAmA,
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where mR and mA denote the concentrations of repressor and activator mRNA.
Activator and repressor dynamics governed by translation and degradation can
be described with two additional differential equations:

dR

dt
= γRmR − δRR,

dA

dt
= γAmA − δAA.

These equations can be simplified with the quasi-steady-state approximation,
i.e. dmR

dt ≈ 0 and dma

dt ≈ 0 [1], which yields the following model:

dR

dt
= γR

βR
αR

PTR
1 + αK1KAA

n

1 +K1KAAn
− δRR,

dA

dt
= γA

βA
αA

PTA
1 + αK3KAA

n

1 +K2KRRm +K3KAAn
− δAA.

1.2 Design I.1

Variation of Design I (Design I.1) includes a binding site for repressor on its own
promoter. It can be modelled with an additional state of repressor promoter,
i.e. PRRm, for which the transcription rate is assumed to be zero. The rate of
repressor mRNA transcription thus equals

PTRβR
1 + αK1KAA

n

1 +K1KAAn +K4KRRm
,

where K4 = k4
k−4

, and k4 and k−4 describe the on-rate and the off-rate constants

of the repressor and its promoter binding. The rest of the model can be derived
in the same way as for Design I and can be described as

dR

dt
= γR

βR
αR

PTR
1 + αK1KAA

n

1 +K1KAAn +K4KRRm
− δRR,

dA

dt
= γA

βA
αA

PTA
1 + αK3KAA

n

1 +K2KRRm +K3KAAn
− δAA.

1.3 Design III

Design III implementation includes separate binding sites for activator and re-
pressor on the activator promoter. The adaptation of Design I to Design III
model is again straightforward. We need to regard additional state of activator
promoter, i.e. PARmAn, for which the transcription rate is again assumed to
be zero. The rate of activator mRNA transcription thus equals:

PTA
1 + αK3KAA

n

1 +K2KRRm +K3KAAn +K2KRRmK3KAAn
.

4



Again, the same procedure as in Design I can be followed in the rest of the
derivation. It brings us to the following model:

dR

dt
= γR

βR
αR

PTR
1 + αK1KAA

n

1 +K1KAAn
− δRR,

dA

dt
= γA

βA
αA

PTA
1 + αK3KAA

n

1 +K2KRRm +K3KAAn +K2KRRmK3KAAn
− δAA.

1.4 Rescaling the variables

Transformation to the models presented in the main text can be achieved by
rescaling all variables to become dimensionless [1, 2]:

x = n
√
K3KAA,

y = m
√
K3KAR,

τ = tδR,

∆ =
δA
δR
,

β =
γAβA
δAαA

PTA
n
√
K3KA,

γ =
γRβR
δRαR

PTR
m
√
K3KA,

σ =
K2KR

K3KA
.

1.5 Parameter values

The nominal parameter values used in our analysis were obtained from the
literature [1, 2] and are as follows:

• m = n = 2,

• K1KA = K2KR = 10−3nM−1,

• K1 = K3,

• K2 = K4,

• KA = KR,

• βA = βR = 10h−1,

• αA = αR = 5h−1,

• α = 50,

• γA = 50 · αA

βA
,
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Figure 1: Comparison of the non-linearity of promoter response approximation
between biological plausible scenarios (e.g., n=1, n=2 or n=4) and approach
using Heaviside or unit-step function.

• γR = 0.1 · γA,

• δA = 1h−1,

• δR = 0.1h−1,

• PTA = PTR = 1.

2 Using unit step function to approximate pro-
moter activity

Approaches described in [4] and [5] rely on the approximation of a promoter
activity with a Boolean variable with only two possible values, i.e. zero (not
active) and one (active), using unit step function as θ (A−KdA) for activation
and θ (KdR −R) for repression. Here KdA and KdR present the dissociation
constants that can be interpreted as transcription factor concentrations produc-
ing half occupation of the promoter. This approximations yield a very high
non-linearity of promoter response, which is often not plausible. For example,
the model we used in our case study presumes the Hill coefficients equal to 2 or
3, which generates a response that is far from unit step function (see Fig. 1).

We can be still apply this approximation to the amplified negative feed-
back oscillator models described in previous section. In this case dissociation
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Figure 2: Oscillation periods obtained on the unit step function model of Design
I and Design III implementation of an amplified negative feedback oscillator.

constants can be expressed as

KdA = n

√
1

K1KA
,

KdR = m

√
1

K2KR
.

For example, Design I and Design III models can be adapted to

dR

dt
= γR

βR
αR

PTR (θ (KdA −A) + αθ (A−KdA))− δRR,

dA

dt
= γA

βA
αA

PTA θ (KdR −R) (θ (KdA −A) + αθ (A−KdA))− δAA.

Note that this modelling approach is due to the simplification with a unit step
function unable to differ among Design I and Design III implementation. Results
of previous analyses however indicate that substantial differences in the dynam-
ics of these two topologies exist. We performed the analysis on the simplified
model with the same parameter values as described in the main text. Model
yielded solutions that were hardly comparable to the results of non-simplified
models (see Fig. 2). We can conclude that the unit step function approxima-
tion can be applied only to a limited scope of biological systems and has a very
limited biological relevance.
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3 Calculation of the LCM of real numbers

Here we demonstrate that the LCM of two numbers A and B can be obtained
from the formula

LCM(A,B) =
LCM(m1,m2)

GCF (n1, n2)
, (1)

where GCM stands for the greatest common multiplier. If A and B are ra-
tional numbers (according to limited numerical accuracy we are always dealing
with rational numbers in computational calculations) it means that they can be
expressed in the form A = m1/n1 and B = m2/n2, which brings us to relation

LCM(A,B)

A
=

LCM(m1,m2)

m1
· n1
GCF (n1, n2)

= integer · integer = integer. (2)

4 Evaluating the threshold values

Oscillatory behavior is sometimes achieved also with non-zero imaginary parts
of calculated circular frequencies, which should be however substantially smaller
than real parts. Threshold values that we use in the analysis should minimize
the errors of our approach in comparison to a credible source of data, e.g.,
numerical simulations, on a testing set of parameter values. Percentage error
can be quantified with the following measure:

E =
nc
nT
· 100%, (3)

where nc presents the number of conflict points and nT the total number of
points on which evaluation is performed. Note that the denominator uses the
total number of points, while even numerical simulations cannot be considered
as an absolutely accurate method. Fig. 3 presents the values of E in dependence
on the threshold value for Design I. Threshold value in which E is minimized
was used for period estimation in the main paper. The same value can be used
on all three models or even in a general case. One can alternatively determine
specific threshold values that are optimal for a given model to obtain more
accurate results.
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