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Abstract: Light-matter interactions in a material may be dramatically influenced by the 

features of the medium. Moreover, the electromagnetic characteristics of the material in the 

nearby areas may make a dramatic impact as well. Following the first scenario, the medium is 

considered to be local, whereas in the other case, it is nonlocal. It has been demonstrated by 

the current works on light-matter interactions in composites that novel optical phenomena is 
enabled by nonlocal effects. The former can not be treated in case of local effective medium 

description.   

1. Introduction 
The system under consideration is treated as non-local in case of its behavior at a given point 

depending on its state at another spatially separated area. Quantum states of light and matter 

are considered as being inherently non-local. The former reflects the fundamental wave-

particle duality addressed in the reproduction of an original de Broglie paper in [1]. Quantum 

entanglement is considered as a very intriguing instance of non-localities in nature [2, 3]. 

Inherently weak photon-photon interactions enable its successful application in optics with 

photons [4, 5]. 

A uniaxial permittivity tensor may stand for to describe the electromagnetic response of these 
metamaterials from the perspective of the effective medium approximation. It has been 

demonstrated that accounting for nonlocal corrections in effective medium theory (EMT) is 

needed aiming to adequately describe new optical phenomena in nanowire structures [6-8]. A 

granularity has a dramatic impact on the optical properties of the nanowire composite. The 

former leads to the formation of extra electromagnetic modes. It is worthwhile mentioning, 

that their features can be accounted for in the effective medium formalism by dealing with 

spatial dispersion of the effective permittivity. Light propagation studies in different 

structures with varying material properties, including inhomogeneous materials and optical 

waveguides open the wide avenues for photonic device design. Usually, either approximate 

partially analytic methods or entirely numerical approaches have been employed. Particularly 

in device design a deep insight into light propagation properties is beneficial if an analytic 

method is available and can be applied. In practice though, one has to resort quite often to 
numerical approaches as analytical solutions are limited to just a few situations. 

Herein, the enhancement of electromagnetic modes in hyperbolic media is considered, 

making an assumption that wires are made of transparent conducting oxide (TCOs) and silver. 

We show that such an approach makes a dramatic impact on the field enhancement in 

metamaterials. Moreover, it is demonstrated that the nonlocal effective permittivity model 

sufficiently defines the detected optical properties.  

 

2. Theoretical modelling 
Fig. 1 displays the transition metamaterial under consideration made of an ordered array of 

plasmonic cone-shaped rods implanted into a dielectric host material. 
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Figure 1. (a) A view  of a transition hyperbolic layer consisting of plasmonic cones implanted 

in the dielectric host material [17]. (b, c) Dependence of the local effective medium 

parameters of the metamaterials upon frequency: (b) Ag nanorods; (c) TCO nanorods. Herein, 

d – is the diameter of plasmonic nanorods; d=2R, where R is calculated by Eq. (1). 

To have a deeper insight in to the tunability properties of the system, it is worthwhile 

mentioning that the wavelength λ is much longer than both the radius of the wire R(x) and the 

distance between the rods a. We have made an assumption that the radius varies from 

( )5 15R x  nm as follows 

( )
( )( )( )1 1 10.12 1 tanh

2

a b x c
R x a



+ +
=    (1) 

with a1=0.0018, b1=1.5×109 m-1, and c1=6000. It is assumed that separation between the rods 

a = 60 nm. In case of metallic cones, permittivity of plasmonic components of the 

metamaterial is expressed as follows 
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+ . The crucial difference between 

previous works and this work, for investigating optics of hyperbolic composites, is the fact 

that we consider nanorods with an increasing radius along the transverse position x (Eq. (1)). 

Moreover, in this case radius increases up to the certain value, after the saturation point is 

passed, it becomes a constant value. One may obtain the parameters of interest by fitting this 

permittivity function to a particular frequency range of bulk material [9]. It has been 

concluded in [10] that a reasonable fit might be provided for silver, if the utilized values are 

as follows 
5 =

, 
9.5p eV =

, 0.0987eV = . Table 1 presents the parameters of Drude-

Lorentz approach for Aluminum-doped Zinc Oxide (AZO) found based on the experimental 

data [11]. 

 



Table 1. Drude-Lorentz parameters of transparent conducting oxide obtained from experimental data. It is 

possible to approximate the materials dielectric function by the equation: 
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+ − − , with the values of the parameters outlined in the table 

[11]. 

 
AZO 

εb 3.5402 

ωp [eV] 1.7473 

γp [eV] 0.04486 

f1 0.5095 

ω1 [eV] 4.2942 

γ1 [eV] 0.1017 

 

One may describe the optical properties of the metamaterials by means of the effective 

permittivity. The mentioned is valid in case of characteristic sizes of the composite, such as 

nanowire radius and their period being much smaller than light wavelengths. It is worthwhile 
mentioning, that the thickness of the structure goes to the infinity. The mentioned formalism 

can be applied aiming to evaluate transmission, reflection and absorption spectra of the 

structure. Because of the symmetry, the optical features of a nanowire metamaterial are 

similar to the properties of an homogeneous uniaxial medium with optical axis parallel to the 

nanowires (Fig. 1b). From macroscopical perspectives, a diagonal permittivity tensor ̂  with 

xx yy zz   ⊥= =  is employed aiming to characterize these optical properties. Following 

analytical approach, a layer of a metamaterial was treated as homogeneous layer characterized 

by either local [12] or non-local [13] EMTs.  

Following the approach used in [14, 15] permittivity of the wire media is expressed by a 

diagonal tensor  ||
ˆ , ,   ⊥ ⊥=  with components [16] 
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where 
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= =  is the filling fraction of plasmonic material, i. 

e. either metal or TCO inside a dielectric host, kx is the component of the wavevector in the 

direction corresponding to the direction of the nanorods, l
xk  is the wavevector of the 

longitudinal wave in the nanowire metamaterial, and the performance of a longitudinal wave 

in a wire medium is described by the parameter lim /
m

l l
xn k c  →−= . It has been 

concluded in [15], that one can calculate dispersion  ( )l
xk  . Aiming to do that, one should 

solve an eigenvalue-type problem with exact dependence governed by geometrical parameters 

of the composite as well by permittivity of the wires and the matrix media. It is worthwhile 

noting, that Eq. 3 can be written as follows [17] 
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It is worthwhile noting, that the first two terms represent the local permittivity (given by 

Maxwell-Garnett effective medium theory [18]) and δx is a nonlocality parameter. It is 

possible to approximate δx  parameter as follows 
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The fact of considering wires with an increasing radius along the transverse position x (Eq. 1) 

stands for as the key difference between previous investigations and this study dedicated to 
the investigation of optics of hyperbolic composites. It means, that the fill fraction f depends 

on the spatial coordinate x. The material’s properties change from elliptical to hyperbolic 

because of tuning the fill fraction. It is worthwhile noting that the negative permittivity, i. e. 

0m   stands for as the outstanding feature of the plasmonic metals across the visible 

spectrum. Isofrequency surfaces describing the dispersion of the propagating modes in the Ag 
and TCO nanowire metamaterial with parameters as in Figure 1 (b), calculated with the local 

EMT are presented in Figs. 2 and 3. Two particular frequencies were chosen for 

consideration, i. e. f=200 THz, where  || 0   and 0⊥   and f=850 THz, where  || 0   and 

0⊥  . 

 

(a)                                                   (b) 

 

(c)                                             (d) 



Figure 2. Isofrequency surfaces describing the dispersion of the propagating modes in the Ag 

nanowire metamaterial with parameters as in Figure 1 (b), calculated with the local EMT: (a, 

c) d=30nm, (b, d) d=10 nm, (a, b) f=200 THz, (c, d) f=850 THz. 
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Figure 3. Isofrequency surfaces describing the dispersion of the propagating modes in the 

TCO nanowire metamaterial with parameters as in Figure 1 (b), calculated with the local 

EMT: (a, c) d=30nm, (b, d) d=10 nm, (a, b) f=200 THz, (c, d) f=850 THz. 

Either an ellipsoid or a hyperboloid is formed by the isofrequency surface defined as the locus 

of points with coordinates  ( ) ( ) ( ) , ,x y zk k k   . The former depends on the relationship 

between the signs of ⊥  and zz . It is worthwhile noting  that these permittivity components 

are wavelength-dependent. The geometrical features of this isofrequency surface are treated 

as the optical topology of a metamaterial [19].  

It is demonstrated by the effective permittivity of the metamaterial (with the embedded Ag 
cones) investigated in this work that metamaterial operates in the elliptic regime for 

frequencies above 109 THz, exhibits ENZ response at around 109 THz, corresponding to the 

effective plasma frequency [20] and operates in the hyperbolic regime for frequencies below 

44 THz.  
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Optical topology described by Eq. (5) exhibits typical ellipsoidal isofrequencies for TE modes 

in both elliptic and hyperbolic regimes.  

It is worthwhile mentioning, that the optical topology of metamaterials has a dramatic impact 

on their quantum optical features. The former leads to a singularity in the local density of 

optical states in homogeneous hyperbolic media [21]. The rate of spontaneous emission [22],  

nonradiative energy transfer between molecules [23], and other parameters are drastically 

affected by the density of optical states.  

 

(a) 



 

(b) 

Figure 4. The dispersion of main mode for different cases: (a) – Ag nanowires; (b) – TCO 

nanowires.  

Comparing Figs. 2 and 3, one might conclude that while in the TCO case the differences are 

minimal, the behavior in the Ag case is drastically different. 
One may engineer the dispersion of modes in metamaterials by scaling the unit cell. Figure 4 

displays the foreseen changes in the dispersion of the modes. The former modifications are 

caused by the geometry scaling. One may modify material losses by either the choice of 

plasmonic metal or by fabrication (for example, annealing). The mentioned features serve as a 

fertile ground for engineering the optical properties of a metamaterial. One may conclude 

from Fig. 4 that usage of TCO nanowires serves as a perfect mechanism aiming to increase 

frequency range of the surface waves existence. It is worthwhile mentioning, that two 

different types of the modes are present in case of the TCO nanowires. Both modes have 

finite-frequency solutions with the longitudinal propagation constant β approaching infinity, 

which leads to the characteristic curve, that extends to infinitely large wavevectors. It is 

worthwhile mentioning, that we have presented comparisons of the results obtained by 

applying non-local and local cases in Fig. 4 (a). 

Conclusions 

Herein, we consider propagation of the electromagnetic wave through a hyperbolic transition 

layer. It is worthwhile mentioning, that local and nonlocal effective medium approximation 

are considered. It has been concluded that nonlocality must be considered aiming to properly 

deal with the field enhancement. It can be concluded that nonlocal effects make a dramatic 

impact on the field behavior inside a transition hyperbolic layer. Dealing with a system 

allowing to accurately predict the field distribution through these materials will provide a 
fertile background for the design and practical applications of this new fascinating 

metamaterial platform. 
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